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CHAPTER]Q
e e

Aperture Antennas

12.1 INTRODUCTION

Aperture antennas are most common at microwave frequencies. There are many differ-
ent geometrical configurations of an aperture antenna with some of the most popular
shown in Figure 1.4. They may take the form of a waveguide or a horn whose aper-
ture may be square, rectangular, circular, elliptical, or any other configuration. Aperture
antennas are very practical for space applications, because they can be flush mounted on
the surface of the spacecraft or aircraft. Their opening can be covered with a dielectric
material to protect them from environmental conditions. This type of mounting does not
disturb the aerodynamic profile of the craft, which in high-speed applications is critical.

In this chapter, the mathematical tools will be developed to analyze the radiation
characteristics of aperture antennas. The concepts will be demonstrated by examples
and illustrations. Because they are the most practical, emphasis will be given to the
rectangular and circular configurations. Due to mathematical complexities, the obser-
vations will be restricted to the far-field region. The edge effects, due to the finite size
of the ground plane to which the aperture is mounted, can be taken into account by
using diffraction methods such as the Geometrical Theory of Diffraction, better known
as GTD. This is discussed briefly and only qualitatively in Section 12.10.

The radiation characteristics of wire antennas can be determined once the current
distribution on the wire is known. For many configurations, however, the current distri-
bution is not known exactly and only physical intuition or experimental measurements
can provide a reasonable approximation to it. This is even more evident in aperture
antennas (slits, slots, waveguides, horns, reflectors, lenses). It is therefore expedient to
have alternate methods to compute the radiation characteristics of antennas. Emphasis
will be placed on techniques that for their solution rely primarily not on the current
distribution but on reasonable approximations of the fields on or in the vicinity of the
antenna structure. One such technique is the Field Equivalence Principle.

12.2 FIELD EQUIVALENCE PRINCIPLE: HUYGENS’ PRINCIPLE

The field equivalence is a principle by which actual sources, such as an antenna and
transmitter, are replaced by equivalent sources. The fictitious sources are said to be
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equivalent within a region because they produce the same fields within that region. The
formulations of scattering and diffraction problems by the equivalence principle are
more suggestive to approximations.

The field equivalence was introduced in 1936 by S. A. Schelkunoff [1], [2], and
it is a more rigorous formulation of Huygens’ principle [3] which states that “each
point on a primary wavefront can be considered to be a new source of a secondary
spherical wave and that a secondary wavefront can be constructed as the envelope
of these secondary spherical waves [4].” The equivalence principle is based on the
uniqueness theorem which states that “a field in a lossy region is uniquely specified by
the sources within the region plus the tangential components of the electric field over the
boundary, or the tangential components of the magnetic field over the boundary, or the
former over part of the boundary and the latter over the rest of the boundary [2], [5].”
The field in a lossless medium is considered to be the limit, as the losses go to zero, of
the corresponding field in a lossy medium. Thus if the tangential electric and magnetic
fields are completely known over a closed surface, the fields in the source-free region
can be determined.

By the equivalence principle, the fields outside an imaginary closed surface are
obtained by placing over the closed surface suitable electric- and magnetic-current
densities which satisfy the boundary conditions. The current densities are selected so
that the fields inside the closed surface are zero and outside they are equal to the
radiation produced by the actual sources. Thus the technique can be used to obtain the
fields radiated outside a closed surface by sources enclosed within it. The formulation is
exact but requires integration over the closed surface. The degree of accuracy depends
on the knowledge of the tangential components of the fields over the closed surface.

In most applications, the closed surface is selected so that most of it coincides with
the conducting parts of the physical structure. This is preferred because the vanishing
of the tangential electric field components over the conducting parts of the surface
reduces the physical limits of integration.

The equivalence principle is developed by considering an actual radiating source,
which electrically is represented by current densities J; and M, as shown in
Figure 12.1(a). The source radiates fields E; and H; everywhere. However, it is desired
to develop a method that will yield the fields outside a closed surface. To accomplish
this, a closed surface S is chosen, shown dashed in Figure 12.1(a), which encloses the
current densities J; and M;. The volume within § is denoted by V; and outside S by
Va. The primary task will be to replace the original problem, shown in Figure 12.1(a),
by an equivalent one which yields the same fields E| and H, outside S (within V,). The
formulation of the problem can be aided eminently if the closed surface is judiciously
chosen so that fields over most, if not the entire surface, are known a priori.

An equivalent problem of Figure 12.1(a) is shown in Figure 12.1(b). The original
sources J; and M are removed, and we assume that there exist fields E and H inside
S and fields E; and H; outside of S. For these fields to exist within and outside S,
they must satisfy the boundary conditions on the tangential electric and magnetic field
components. Thus on the imaginary surface S there must exist the equivalent sources

J, = f x [H; — H] (12-1)
M, = —fi x [E; — E] (12-2)

and they radiate into an unbounded space (same medium everywhere). The current
densities of (12-1) and (12-2) are said to be equivalent only within V,, because they
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Figure 12.1 Actual and equivalent models.

produce the original fields (Ei, H,) only outside S. Fields E, H, different from the
originals (E|, H)), result within V). Since the currents of (12-1) and (12-2) radiate
in an unbounded space, the fields can be determined using (3-27)—(3-30a) and the
geometry of Figure 12.2(a). In Figure 12.2(a), R is the distance from any point on the
surface S, where J; and M; exist, to the observation point.

So far, the tangential components of both E and H have been used in setting up the
equivalent problem. From electromagnetic uniqueness concepts, it is known that the
tangential components of only E or H are needed to determine the fields. It will be
demonstrated that equivalent problems can be found which require only the magnetic-
current densities (tangential E) or only electric current densities (tangential H). This
requires modifications to the equivalent problem of Figure 12.1(b).

Since the fields E, H within S can be anything (this is not the region of inter-
est), it can be assumed that they are zero. In that case the equivalent problem of
Figure 12.1(b) reduces to that of Figure 12.3(a) with the equivalent current densities
being equal to

fl X (Hl —H)|H:0=ﬁXH1 (12—3)

Js ==
M, = —fi x (E; — E)|g_o = —fi x E, (12-4)

This form of the field equivalence principle is known as Love’s Equivalence Princi-
ple [2], [6]. Since the current densities of (12-3) and (12-4) radiate in an unbounded
medium (same p, € everywhere), they can be used in conjunction with (3-27)—(3-30a)
to find the fields everywhere.

Love’s Equivalence Principle of Figure 12.3(a) produces a null field within the
imaginary surface S. Since the value of the E = H = 0 within S cannot be disturbed if
the properties of the medium within it are changed, let us assume that it is replaced by
a perfect electric conductor (¢ = o0o). The introduction of the perfect conductor will
have an effect on the equivalent source J;, and it will prohibit the use of (3-27)—(3-30a)
since the current densities no longer radiate into an unbounded medium. Imagine that
the geometrical configuration of the electric conductor is identical to the profile of the
imaginary surface S, over which J; and M; exist. As the electric conductor takes its
place, as shown in Figure 12.3(b), the electric current density J;, which is tangent to the
surface S, is short-circuited by the electric conductor. Thus the equivalent problem of
Figure 12.3(a) reduces to that of Figure 12.3(b). There exists only a magnetic current
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Figure 12.2 Coordinate system for aperture antenna analysis.

density M; over S, and it radiates in the presence of the electric conductor producing
outside S the original fields E;, H;. Within § the fields are zero but, as before, this
is not a region of interest. The difficulty in trying to use the equivalent problem of
Figure 12.3(b) is that (3-27)—(3-30a) cannot be used, because the current densities do
not radiate into an unbounded medium. The problem of a magnetic current density
radiating in the presence of an electric conducting surface must be solved. So it seems
that the equivalent problem is just as difficult as the original problem itself.

Before some special simple geometries are considered and some suggestions are
made for approximating complex geometries, let us introduce another equivalent prob-
lem. Referring to Figure 12.3(a), let us assume that instead of placing a perfect electric
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Figure 12.3 Equivalence principle models.

conductor within § we introduce a perfect magnetic conductor which will short out
the magnetic current density and reduce the equivalent problem to that shown in
Figure 12.3(c). As was with the equivalent problem of Figure 12.3(b), (3-27)—(3-30a)
cannot be used with Figure 12.3(c) and the problem is just as difficult as that of
Figure 12.3(b) or the original of Figure 12.1(a).

To begin to see the utility of the field equivalence principle, especially that of
Figure 12.3(b), let us assume that the surface of the electric conductor is flat and
extends to infinity as shown in Figure 12.4(a). For this geometry, the problem is to
determine how a magnetic source radiates in the presence of a flat electric conductor.
From image theory, this problem reduces to that of Figure 12.4(b) where an imaginary
magnetic source is introduced on the side of the conductor and takes its place (remove
conductor). Since the imaginary source is in the same direction as the equivalent
source, the equivalent problem of Figure 12.4(b) reduces to that of Figure 12.4(c).
The magnetic current density is doubled, it radiates in an unbounded medium, and (3-
27)—(3-30a) can be used. The equivalent problem of Figure 12.4(c) yields the correct
E, H fields to the right side of the interface. If the surface of the obstacle is not flat and
infinite, but its curvature is large compared to the wavelength, a good approximation
is the equivalent problem of Figure 12.3(c).

SUMMARY

In the analysis of electromagnetic problems, many times it is easier to form equivalent
problems that yield the same solution within a region of interest. This is the case for
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Figure 12.4 Equivalent models for magnetic source radiation near a perfect electric conductor.

scattering, diffraction, and aperture antenna problems. In this chapter, the main interest
is in aperture antennas. The concepts will be demonstrated with examples.

The steps that must be used to form an equivalent and solve an aperture problem
are as follows:

1. Select an imaginary surface that encloses the actual sources (the aperture). The

surface must be judiciously chosen so that the tangential components of the
electric and/or the magnetic field are known, exactly or approximately, over its
entire span. In many cases this surface is a flat plane extending to infinity.

. Over the imaginary surface form equivalent current densities J;, My which take

one of the following forms:

a. J; and My over S assuming that the E- and H-fields within S are not zero.

b. or J; and M; over S assuming that the E- and H-fields within S are zero
(Love’s theorem)

c. or M over S (J, = 0) assuming that within S the medium is a perfect elec-
tric conductor

d. or J; over S (M = 0) assuming that within S the medium is a perfect mag-
netic conductor.

. Solve the equivalent problem. For forms (a) and (b), (3-27)—(3-30a) can be used.

For form (c), the problem of a magnetic current source next to a perfect electric
conductor must be solved [(3-27)—(3-30a) cannot be used directly, because the
current density does not radiate into an unbounded medium]. If the electric con-
ductor is an infinite flat plane the problem can be solved exactly by image theory.
For form (d), the problem of an electric current source next to a perfect magnetic
conductor must be solved. Again (3-27)—(3-30a) cannot be used directly. If the
magnetic conductor is an infinite flat plane, the problem can be solved exactly
by image theory.

To demonstrate the usefulness and application of the field equivalence theorem to
aperture antenna theory, an example is considered.
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Example 12.1

A waveguide aperture is mounted on an infinite ground plane, as shown in Figure 12.5(a).
Assuming that the tangential components of the electric field over the aperture are known,
and are given by E,, find an equivalent problem that will yield the same fields E, H radiated
by the aperture to the right side of the interface.

Solution: First an imaginary closed surface is chosen. For this problem it is appropriate to
select a flat plane extending from minus infinity to plus infinity, as shown in Figure 12.5(b).
Over the infinite plane, the equivalent current densities J; and M; are formed. Since the
tangential components of E do not exist outside the aperture, because of vanishing boundary
conditions, the magnetic current density M; is only nonzero over the aperture. The electric
current density Js is nonzero everywhere and is yet unknown. Now let us assume that an
imaginary flat electric conductor approaches the surface S, and it shorts out the current
density J; everywhere. M exists only over the space occupied originally by the aperture,
and it radiates in the presence of the conductor [see Figure 12.5(c)]. By image theory, the
conductor can be removed and replaced by an imaginary (equivalent) source M; as shown
in Figure 12.5(d), which is analogous to Figure 12.4(b). Finally, the equivalent problem of
Figure 12.5(d) reduces to that of Figure 12.5(e), which is analogous to that of Figure 12.4(c).
The original problem has been reduced to a very simple equivalent and (3-27)—(3-30a) can
be utilized for its solution.
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Figure 12.5 Equivalent models for waveguide aperture mounted on an infinite flat electric
ground plane.




660 APERTURE ANTENNAS

In this chapter the theory will be developed to compute the fields radiated by an aper-
ture, like that shown in Figure 12.5(a), making use of its equivalent of Figure 12.5(e).
For other problems, their equivalent forms will not necessarily be the same as that
shown in Figure 12.5(e).

12.3 RADIATION EQUATIONS

In Chapter 3 and in the previous section it was stated that the fields radiated by sources
Js and M; in an unbounded medium can be computed by using (3-27)—(3-30a) where
the integration must be performed over the entire surface occupied by J; and M;. These
equations yield valid solutions for all observation points [2], [7]. For most problems,
the main difficulty is the inability to perform the integrations in (3-27) and (3-28).
However for far-field observations, the complexity of the formulation can be reduced.

As was shown in Section 4.4.1, for far-field observations R can most commonly be
approximated by

R >~r —r'cosy for phase variations (12-5a)

R>~r for amplitude variations (12-5b)

where 1 is the angle between the vectors r and r’, as shown in Figure 12.2(b). The
primed coordinates (x', y', 7/, or r’, 6’, ¢’) indicate the space occupied by the sources J;
and My, over which integration must be performed. The unprimed coordinates (x, y, z
or r, 8, ¢) represent the observation point. Geometrically the approximation of (12-5a)
assumes that the vectors R and r are parallel, as shown in Figure 12.2(b).

Using (12-5a) and (12-5b), (3-27) and (3-28) can be written as

—jkR —jkr
A= i//Jse ds ~ "N (12-6)
47 R drr
S
N = / / Joelkricosv gy (12-6a)
N
—jkR —jkr
F= %ffMeT ds' ~ 6: L (12-7)
T Tr
S
L= / / M, /%" sV g/ (12-7a)
S

In Section 3.6 it was shown that in the far-field only the 6 and ¢ components of
the E- and H-fields are dominant. Although the radial components are not necessarily
zero, they are negligible compared to the 6 and ¢ components. Using (3-58a)—(3-59b),
the E4 of (3-29) and Hy of (3-30) can be written as

(Ea)o =~ —jwAg (12-8a)
(EA)¢ ~ —]CL)A¢ (12-8b)
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(Hr)g >~ —jwky (12-8c)
(Hp)y ~ —joF, (12-8d)

and the Ef of (3-29) and H, of (3-30), with the aid of (12-8a)—(12-8d), as

(EF)o ~ +n(Hp)y = —jonFy (12-9a)
(EF)y ~ —n(Hp)g = +jonky (12-9b)
(Hayp = —EAe _ +jw% (12-9¢)
G +@ - —jw% (12-9d)

Combining (12-8a)—(12-8d) with (12-9a)—(12-9d), and making use of (12-6)—
(12-7a) the total E- and H-fields can be written as

E, ~0 (12-10a)
jke ik

Eg = == ——(Ly +1Np) (12-10b)
jke ik

Ey >+ —— (Lo —nNy) (12-10c)

H ~0 (12-10d)

Ho ~ jke‘ijkr N L@

b= " (12-10e)

jke Ik Ly

H¢ >~ — dr (Ng + 7) (12—10f)

The Ny, Ny, Lg, and Ly can be obtained from (12-6a) and (12-7a). That is,
N= / / Jetikrieosv gy — / / A Jy +4,J, + 4, J)et R esy gy (12-11a)
S S

L= // M et/Ar st g’ = //(ﬁxMx A, M, + A, M,)e ROV g (12-11b)
S S

Using the rectangular-to-spherical component transformation, obtained by taking the
inverse (in this case also the transpose) of (4-5), (12-11a) and (12-11b) reduce for the



662 APERTURE ANTENNAS

6 and ¢ components to

Ny = //[Jx cos 0 cos ¢ + Jy cos O sing — J, sin@]e KOV g/ (12-12a)
3

Ny = / / [—J, sing + J, cos gple™ oV g’ (12-12b)
s

Ly = //[Mx cos 0 cos ¢ + M, cos @ sing — M, sin gletikricosv gy (12-12¢)
s

Ly = / / [—M, sing + M, cos ple™* <=V gy’ (12-12d)
S

SUMMARY

To summarize the results, the procedure that must be followed to solve a problem
using the radiation integrals will be outlined. Figures 12.2(a) and 12.2(b) are used to
indicate the geometry.

1. Select a closed surface over which the total electric and magnetic fields E, and
H, are known.

2. Form the equivalent current densities J; and My over S using (12-3) and (12-4)
with H; = H, and E; = E,.

3. Determine the A and F potentials using (12-6)—(12-7a) where the integration is
over the closed surface S.

4. Determine the radiated E- and H-fields using (3-29) and (3-30).

The above steps are valid for all regions (near-field and far-field) outside the surface
S. If, however, the observation point is in the far-field, steps 3 and 4 can be replaced
by 3’ and 4'. That is,

3. Determine Ny, Ny, Ly and Ly using (12-12a)—(12-12d).
4’. Determine the radiated E- and H-fields using (12-10a)—(12-10f).

Some of the steps outlined above can be reduced by a judicious choice of the
equivalent model. In the remaining sections of this chapter, the techniques will be
applied and demonstrated with examples of rectangular and circular apertures.

12.4 DIRECTIVITY

The directivity of an aperture can be found in a manner similar to that of other antennas.
The primary task is to formulate the radiation intensity U (6, ¢), using the far-zone
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electric and magnetic field components, as given by (2-12a) or
1 R . R . N 1
U(®,¢) = SRel (@ Eg + 85 Ey) X (89 Hy + g Hy)"] = Z(IESV +EgP?)  (12-13)

which in normalized form reduces to

Ua (6, ¢) = (IEQ60, 9)I” +E4©O, $)I*) = BoF (6, $) (12-13a)

The directive properties can then be found using (2-19)—(2-22).

Because the radiation intensity U (6, ¢) for each aperture antenna will be of a differ-
ent form, a general equation for the directivity cannot be formed. However, a general
MATLAB and FORTRAN computer program, designated as Directivity, has been writ-
ten to compute the directivity of any antenna, including an aperture, once the radiation
intensity is specified. The program is based on the formulations of (12-13a), (2-19)—(2-
20), and (2-22), and it is included in Chapter 2. In the main program, it requires the
lower and upper limits on 6 and ¢. The radiation intensity for the antenna in question
must be specified in the subroutine U (6, ¢, F) of the program.

Expressions for the directivity of some simple aperture antennas, rectangular and
circular, will be derived in later sections of this chapter.

12.5 RECTANGULAR APERTURES

In practice, the rectangular aperture is probably the most common microwave antenna.
Because of its configuration, the rectangular coordinate system is the most convenient
system to express the fields at the aperture and to perform the integration. Shown in
Figure 12.6 are the three most common and convenient coordinate positions used for
the solution of an aperture antenna. In Figure 12.6(a) the aperture lies on the y-z plane,
in Figure 12.6(b) on the x-z plane, and in Figure 12.6(c) on the x-y plane. For a given
field distribution, the analytical forms for the fields for each of the arrangements are not
the same. However the computed values will be the same, since the physical problem
is identical in all cases.

For each of the geometries shown in Figure 12.6, the only difference in the analysis
is in the formulation of

1. the components of the equivalent current densities (Jy, Jy, J;, My, My, M;)
2. the difference in paths from the source to the observation point (' cos V)
3. the differential area ds’

In general, the nonzero components of J; and M, are

Jy, J;, My, M, [Figure 12.6(a)] (12-14a)
Je, J;, My, M, [Figure 12.6(b)] (12-14b)
Jy, Jy, M, My, [Figure 12.6(c)] (12-14¢)
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Figure 12.6 Rectangular aperture positions for antenna system analysis.

The differential paths take the form of

r'cosy =1 -4, = 4,y +4,7) (4, sinfcos¢p + &, sinf sinp + 4, cosH)

= y'sinfsin¢g + z cosd [Figure 12.6(a)] (12-15a)
r'cosy =1 -4, = A,x +4.2) - (4, sinfcosp + &, sinfsinp + 4, cos )

= x'sinf cos ¢ + 7 cos® [Figure 12.6(b)] (12-15b)
r'cosy =1 -4, = (4,x +4,y) - (4, sin6 cos ¢ + 4, sinf sin ¢ + 4, cos 0)

= x'sinf cos¢ + y'sinfsin¢ [Figure 12.6(c)] (12-15¢)
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and the differential areas are represented by

ds' = dy'd7 [Figure 12.6(a)] (12-16a)
ds' = dx'd7  [Figure 12.6(b)] (12-16b)
ds' =dx"dy" [Figure 12.6(c)] (12-16¢)

12.5.1 Uniform Distribution on an Infinite Ground Plane

The first aperture examined is a rectangular aperture mounted on an infinite ground
plane, as shown in Figure 12.7. To reduce the mathematical complexities, initially the
field over the opening is assumed to be constant and given by

E,=4,E, —a/2<x <a/2, —b/2<y <b/2 (12-17)

where E, is a constant. The task is to find the fields radiated by it, the pattern
beamwidths, the side lobe levels of the pattern, and the directivity. To accomplish
these, the equivalent will be formed first.

A. Equivalent
To form the equivalent, a closed surface is chosen which extends from —oo to +o00
on the x-y plane. Since the physical problem of Figure 12.7 is identical to that of

Figure 12.7 Rectangular aperture on an infinite electric ground plane.
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Figure 12.5(a), its equivalents are those of Figures 12.5(a)—(e). Using the equivalent
of Figure 12.5(e)

DR XE, — 28 x & Ey— +a2E, /r=x=a?

M. = { a cxafo=ako oo (12-18)
0 elsewhere

J,= 0 everywhere

B. Radiation Fields: Element and Space Factors
The far-zone fields radiated by the aperture of Figure 12.7 can be found by using (12-
10a)—(12-10f), (12-12a)—(12-12d), (12-14c), (12-15c¢), (12-16¢), and (12-18). Thus,

Ny=Ny=0 (12-19)

+b/2 +a/2 o o ]
LO — / / [Mx cos 6 cos ¢]e]k(x sin 6 cos ¢4y’ sin 6 sin ¢) dx/dy/
—b/2 J—a/2

+b/2 p+4a/2
Ly = cos@ cos¢ |: / Mxejk(x’sin9008¢+y/ sin @ sin ¢) dx’ dy/j| (12-19a)
—b/2 J—a/2

In (12-19a), the integral within the brackets represents the space factor for a two-
dimensional distribution. It is analogous to the space factor of (4-58a) for a line source
(one-dimensional distribution). For the Ly component of the vector potential F, the
element factor is equal to the product of the factor outside the brackets in (12-19a)
and the factor outside the brackets in (12-10c). The total field is equal to the product
of the element and space factors, as defined by (4-59), and expressed in (12-10b) and
(12-10c).

Using the integral

+c/2 sin (Ec>
/ e dr = ¢ | —32~ (12-20)
—c/2 —C
(12-19a) reduces to
sin X sinY
Ly = 2abEy | cosfcos¢ (12-21)
X Y
where
ka
X = Tsme cos ¢ (12-21a)
kb ..
Y = > sin @ sin ¢ (12-21b)

Similarly it can be shown that

. sin X sinY
Ly = —2abE, [51n¢( X ) < 7 )] (12-22)
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Substituting (12-19), (12-21), and (12-22) into (12-10a)—(12-10f), the fields radiated
by the aperture can be written as

E =0 (12-23a)
£, — _abkEge™ 1% T sin X sinY 12-23b)
A e S AU Y (12-
abk Ege=I*" sinX\ /sinY
Ey=j———— 0 12-23
6 =1J Ty |:cos cos ¢ ( X ) ( 7 )i| ( c)
H =0 (12-23d)
Ey
Hy=——2 (12-23e)
n
Ey
Hy = +— (12-23f)
n

Equations (12-23a)—(12-23f) represent the three-dimensional distributions of the
far-zone fields radiated by the aperture. Experimentally only two-dimensional plots
can be measured. To reconstruct experimentally a three-dimensional plot, a series of
two-dimensional plots must be made. In many applications, however, only a pair of
two-dimensional plots are usually sufficient. These are the principal E- and H-plane
patterns whose definition was stated in Section 2.2.3 and illustrated in Figure 2.3.

For the problem in Figure 12.7, the E-plane pattern is on the y-z plane (¢ = 7/2)
and the H-plane is on the x-z plane (¢ = 0). Thus

E —Plane (¢ = /2)

E,=E;=0 (12-24a)
. (kb .
abk Ege /%" sin | = sin 6
Ey=j Ty b (12-24b)
—sinf
2
H —Plane (¢ = 0)
E.=Ey;=0 (12-25a)
Si (ka Si 9)
. in (| — sin
_abkEge~ 7k 2
E¢ = ]T cosf T (12-25b)
> sin 6

To demonstrate the techniques, three-dimensional patterns have been plotted in
Figures 12.8 and 12.9. The dimensions of the aperture are indicated in each figure.
Multiple lobes appear, because the dimensions of the aperture are greater than one
wavelength. The number of lobes increases as the dimensions increase. For the aper-
ture whose dimensions are ¢ = 3A and b = 21 (Figure 12.8), there are a total of five
lobes in the principal H-plane and three lobes in the principal E-plane. The pattern
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Figure 12.8 Three-dimensional field pattern of a constant field rectangular aperture mounted
on an infinite ground plane (a = 34, b = 21).

in the H-plane is only a function of the dimension a whereas that in the E-plane is
only influenced by b. In the E-plane, the side lobe formed on each side of the major
lobe is a result of A < b < 2. In the H-plane, the first minor lobe on each side of the
major lobe is formed when A < a < 2X and the second side lobe when 2A < a < 3A.
Additional lobes are formed when one or both of the aperture dimensions increase.
This is illustrated in Figure 12.9 for an aperture with a = b = 3A.

The two-dimensional principal plane patterns for the aperture with a = 3A, b = 2\
are shown in Figure 12.10. For this, and for all other size apertures mounted on an
infinite ground plane, the H-plane patterns along the ground plane vanish. This is
dictated by the boundary conditions. The E-plane patterns, in general, do not have to
vanish along the ground plane, unless the dimension of the aperture in that plane (in
this case b) is a multiple of a wavelength.

The patterns computed above assumed that the aperture was mounted on an infinite
ground plane. In practice, infinite ground planes are not realizable, but they can be
approximated by large structures. Edge effects, on the patterns of apertures mounted
on finite size ground planes, can be accounted for by diffraction techniques. They
will be introduced and illustrated in Section 12.9. Computed results, which include
diffractions, agree extremely well with measurements [8]—[10].
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Figure 12.9 Three-dimensional field pattern of a constant field square aperture mounted on an
infinite ground plane (a = b = 3A).

C. Beamwidths
For the E-plane pattern given by (12-24b), the maximum radiation is directed along
the z-axis (8 = 0). The nulls (zeros) occur when

kb .
> sinf|g—g, =nmw, n=12,3,... (12-26)
or at the angles of
. _q (2nmw . 1 (1A
0, = sin —— | = sin — ) rad (12-26a)
kb b
. 1 [ nA
= 57.3sin 7 degrees, n=1,2,3,

If b > nX, (12-26a) reduces approximately to

ni ni
6, ~ 7rad_573( b )degrees n=1,2,3,... (12-26b)
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Figure 12.10 E- and H-plane amplitude patterns for uniform distribution aperture mounted

on an infinite ground plane (a = 34, b = 21).

The total beamwidth between nulls is given by

A
®, = 26, = 2sin"" (%) rad

A
= 114.6sin™! (%) degrees, n=1,2,3,...

or approximately (for large apertures, b > ni) by

2

na ni
0, ~ Trad =114.6 <7> degrees, n=1,2,3,...

The first-null beamwidth (FNBW) is obtained by letting n = 1.

(12-27)

(12-27a)
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The half-power point occurs when (see Appendix I)
kb
> sinf)p—g, = 1.391 (12-28)

or at an angle of

o — ! <2.782> o <0.443)\> ‘
), = sin b )= sin b ra

(12-28a)
. 1 {0.443)
= 57.3sin degrees
If b > 0.443), (12-28a) reduces approximately to
A A
6, ~ (0.4435) rad = 25.38 <E> degrees (12-28b)

Thus the total half-power beamwidth (HPBW) is given by

. _1 {0.4431 . _1 {0.443A
®, = 26, = 2sin 3 rad = 114.6sin 3 degrees (12-29)

or approximately (when b > 0.4431) by

A A
|, ~ (0.8865) rad = 50.8 (Z) degrees (12-29a)

The maximum of the first side lobe occurs when (see Appendix I)
kb
> sin@g—y, = 4.494 (12-30)

or at an angle of

8.988 1.43X 1.431
0, = sin~! <7> =sin~! (T) rad = 57.3sin”! (T) degrees (12-30a)

If b > 1.43X, (12-30a) reduces to
A A
O, >~ 1.43 (5) rad = 81.9 (Z) degrees (12-30b)

The total beamwidth between first side lobes (FSLBW) is given by

.y (1432 .y (1.43x
®; =26, = 2sin 5 rad = 114.6sin 5 degrees (12-30c)
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TABLE 12.1 Equivalents, Fields, Beamwidths, Side Lobe Levels, and Directivities of Rectangular Apertures

Uniform Distribution Aperture
on Ground Plane

Uniform Distribution Aperture
in Free-Space

TE;9-Mode Distribution Aperture
on Ground Plane

—a/2<x' <a)2? E, =4,E —a/2<x' <a/2 P —a/2<x' <a/2
Aperture distribution of E, =4, EO} , H — 4 Ey E, =4a,E(cos (—x/) ,
tangential components —b/2=<y <b/2 a= —axq —b/2<y <b/2 a —b/2 <y <b/2
(analytical)

Aperture distribution of z Z
tangential components ;_”ﬂ/ b
(graphical) 7—
4/07_ / ‘Za y
X x
20xE, | —a/2<x'"<a)2 My,=-fxE,| —a/2<x'"<a)2 2 xE, | —a2<x <a)2
. M = —b/2 <y <bJ)2 A , M = —b/2 <y <b/)2
Equivalent 0 elsewhere Jo =hxH, —b[2=y =b/2 0 elsewhere
Js= 0 everywhere M, ~J, ~0 elsewhere Jy= 0 everywhere
Far-zone fields E.,=H =0 E.=H =0 E,=H =0
X ka . 0 o E Csi ¢sinXsinY E C . o1+ g)sinXsinY E ﬂC ing cos X sinY
= — sinf cos = Csin = —sin cos =——Csing———mm —
2 ’ X Y ) X Y ‘ (X)z,<£)2 Y
2
y kb . 0 sin g E c 0 ¢sinX sinY E C S0+ g)sinX sinY E nC 0 " cos X sinY
= — siné sin = Ccos 6 cos = —cos cos =——Ccosfcosp———
2 ¢ X v $7 2 X Y $T 72 S (TN Y
@ =(3)
_abkEge ™% Hy = —Ey/n Hy = —Ey/n Ho = =Eq/n
27r Hy = Eg/n Hy = Eqo/n Hy = Ep/n




€9

E-plane 50.6 50.6 50.6
Half-power b — — —
beamwidth > b/x b/x b/
(degrees) H-plane 50.6 50.6 68.8
a> A a/i a/x a/x
- 114. 114. 114.
First null i plar)l\e 76 76 76
beamwidth > b/x b/ b/
(degrees) H-plane 114.6 114.6 171.9
a> A a/i a/x a/x
First side lobe E-plane —13.26 —13.26 —13.26
max. (to main
max.) (dB) ool ~13.26 ~13.26 23
P as a> i a> i

Directivity Dy
(dimensionless)

4
A—Z(area) =4 (

ab

A2

4
X—Z(area) =4r <

ab

A2

‘:uoo

()]

ab

22

)
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or approximately (when b >> 1.431) by

A A
O, ~2.86 (Z) rad = 163.8 (Z) degrees (12-30d)

D. Side Lobe Level
The maximum of (12-24b) at the first side lobe is given by (see Appendix I)

sin(4.494)

Es(0 = 0,)| =
|Eo( ) 4.494

=0.217 = —13.26 dB (12-31)

which is 13.26 dB down from the maximum of the main lobe.

An approximate value of the maximum of the first side lobe can be obtained by
assuming that the maximum of (12-24b) occurs when its numerator is maximum. That
is, when

kb . 3
7 sm9|9:a\_ >~ 7 (12-32)
Thus,
|Eg(0 = 6y)| ~ ! =0.212=—-13.47 dB
o(6 =60l = 375 =0212=~13. (12-33)

These values are very close to the exact ones given by (12-31).

A similar procedure can be followed to find the nulls, 3-dB points, beamwidth
between nulls and 3-dB points, angle where the maximum of first side lobe occurs, and
its magnitude at that point for the H-plane pattern of (12-25b). A comparison between
the E- and H-plane patterns of (12-24b) and (12-25b) shows that they are similar in
form except for the additional cos 6 term that appears in (12-25b). An examination of
the terms in (12-25b) reveals that the cos @ term is a much slower varying function
than the sin(ka sin6/2)/(ka sin 6 /2) term, especially when a is large.

As a first approximation, (12-26)—(12-33), with b replaced by a, can also be used
for the H-plane. More accurate expressions can be obtained by also including the cos 6
term. In regions well removed from the major lobe, the inclusion of the cosf term
becomes more essential for accurate results.

E. Directivity
The directivity for the aperture can be found wusing (12-23a)—(12-23c),
(12-13)—(12-13a), and (2-19)—(2-22). The analytical details using this procedure,
especially the integration to compute the radiated power (Py,q), are more cumbersome.
Because the aperture is mounted on an infinite ground plane, an alternate and much
simpler method can be used to compute the radiated power. The average power density
is first formed using the fields at the aperture, and it is then integrated over the physical
bounds of the opening. The integration is confined to the physical bounds of the
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opening. Using Figure 12.7 and assuming that the magnetic field at the aperture is
given by
H,=-4,— (12-34)

where 7 is the intrinsic impedance, the radiated power reduces to

Ey|? Eo|?
rad—ﬂwav ds | 0| ff | Ol (12-35)

The maximum radiation intensity (Up,x), using the fields of (12-23a)—(12-23b),
occurs toward 8 = 0° and it is equal to

ab\* |Eo|?
Unax = T 277 (12-36)
Thus the directivity is equal to
4n U, 4 4 4
Do = Prar:ax _ )Lz ab = 2 —A, = —)\2 Ao (12-37)

where

A, = physical area of the aperture
A, = maximum effective area of the aperture

Using the definition of (2-110), it is shown that the physical and maximum effective
areas of a constant distribution aperture are equal.

The beamwidths, side lobe levels, and directivity of this and other apertures are
summarized in Table 12.1.

Example 12.2

A rectangular aperture with a constant field distribution, with a = 31 and b = 2A, is mounted
on an infinite ground plane. Compute the

FNBW in the E-plane
HPBW in the E-plane
FSLBW in the E-plane
FSLMM in the E-plane
directivity using (12-37)

-0 o o

directivity using the Directivity computer program at the end of Chapter 2,
the fields of (12-23a)—(12-23f), and the formulation of Section 12.4
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Solution:
a. Using (12-27)

®; = 114.6sin™'(3) = 114.6(0.524) = 60°

b. Using (12-29)
. _; (0.443 o
®;, = 114.65sin — )= 114.6(0.223) = 25.6
c. Using (12-30c)
.1 (143 o
®; =20, = 114.6sin — )= 114.6(0.796) = 91.3
d. Using (12-31)
|Eglo—g, = 0.217 >~ —13.26 dB
e. Using (12-37)

Dy =47 (3)(2) =75.4 = 18.77 dB
f. Using the computer program at the end of Chapter 2
Dy ~ 80.4 =19.05 dB

The difference in directivity values using (12-37) and the computer program is not attributed
to the accuracy of the numerical method. The main contributor is the aperture tangential
magnetic field of (12-34), which was assumed to be related to the aperture tangential electric
field by the intrinsic impedance. Although this is a good assumption for large size apertures,
it is not exact. Therefore the directivity value computed using the computer program should
be considered to be the more accurate.

12.5.2 Uniform Distribution in Space

The second aperture examined is that of Figure 12.7 when it is not mounted on an
infinite ground plane. The field distribution is given by

Ea:ﬁyEO _a/zix/ia/z
E, (12-38)
—b/2<y' <b/)2

where Ej is a constant. The geometry of the opening for this problem is identical to
the previous one. However the equivalents and radiated fields are different, because
this time the aperture is not mounted on an infinite ground plane.
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A. Equivalent

To form the equivalent, a closed surface is chosen which again extends from —oo to
400 on the x-y plane. Over the entire surface J; and My are formed. The difficulty
encountered in this problem is that both J; and My are not zero outside the opening,
and expressions for them are not known there. The replacement of the semi-infinite
medium to the left of the boundary (negative z) by an imaginary electric or magnetic
conductor only eliminates one or the other current densities (J, or My) but not both.
Thus, even though an exact equivalent for this problem exists in principle, it cannot
be used practically because the fields outside the opening are not known a priori. We
are therefore forced to adopt an approximate equivalent.

The usual and most accurate relaxation is to assume that both E, and H, (and in
turn M; and J;) exist over the opening but are zero outside it. It has been shown,
by comparison with measurements and other available data, that this approximate
equivalent yields the best results.

B. Radiated Fields
Using a procedure similar to that of the previous section, the radiation characteristics
of this aperture can be derived. A summary of them is shown in Table 12.1.

The field components of this aperture are identical in form to those of the aperture
when it is mounted on an infinite ground plane if the (I + cos 0) term in each component
is replaced by 2. Thus for small values of 6 (in the main lobe and especially near its
maximum), the patterns of the two apertures are almost identical. This procedure can
be used, in general, to relate the fields of an aperture when it is and it is not mounted
on an infinite ground plane. However, the coordinate system chosen must have the
z-axis perpendicular to the aperture.

A three-dimensional pattern for an aperture with a = 3, b = 21 was computed, and
it is shown in Figure 12.11. The dimensions of this aperture are the same as those of
Figure 12.8. However the angular limits over which the radiated fields now exist have
been extended to 0° < 6 < 180°. Although the general structures of the two patterns
are similar, they are not identical. Because of the enlarged space over which fields now
exist, additional minor lobes are formed.

C. Beamwidths and Side Lobe Levels

To find the beamwidths and the angle at which the maximum of the side lobe occurs,
it is usually assumed that the (1 4 cos6) term is a much slower varying function
than the sin(ka sinf/2)/(ka sin6/2) or the sin(kbsin8/2)/(kbsin6/2) terms. This is
an approximation, and it is more valid for large apertures (large a and/or ») and for
angles near the main maximum. More accurate results can be obtained by considering
the (1 4 cos8) term. Thus (12-26)—(12-33) can be used, to a good approximation, to
compute the beamwidths and side lobe level. A summary is included in Table 12.1.

D. Directivity
Although the physical geometry of the opening of this problem is identical to that of
Section 12.5.1, their directivities are not identical. This is evident by examining their
far-zone field expressions or by realizing that the fields outside the aperture along the
x-y plane are not exactly the same.

To derive an exact expression for the directivity of this aperture would be a very
difficult task. Since the patterns of the apertures are nearly the same, especially at the
main lobe, their directivities are almost the same. To verify this, an example is taken.
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Relative
magnitude

[’
H-plane (x-z, ¢ = 0°) E-plane (y-z, ¢ = 90°)

Figure 12.11 Three-dimensional field pattern of a constant field rectangular aperture (¢ = 32,
b =2)).

Example 12.3

Repeat the problem of Example 12.2 for an aperture that is not mounted on an infinite
ground plane.

Solution: Since the E-plane patterns of the two apertures are identical, the FNBW, HPBW,
FSLBW, and FSLMM are the same. The directivities as computed by (12-37), are also the
same. Since the fields radiated by the two apertures are not identical, their directivities
computed using the far-zone fields will not be exactly the same. Therefore for this problem

Dy =~ 81.16(dimensionless) = 19.09 dB

As with Example 12.2, the directivities computed using (12-37) and the computer program
do not agree exactly. For this problem, however, neither one is exact. For (12-37), it has
been assumed that the aperture tangential magnetic field is related to the aperture tangential
electric field by the intrinsic impedance 7. This relationship is good but not exact. For the
computer program, the formulation is based on the equivalent of this section where the
fields outside the aperture were assumed to be negligible. Again this is a good assumption
for some problems, but it is not exact.
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A summary of the radiation characteristics of this aperture is included in Table 12.1
where it is compared with that of other apertures.

12.5.3 TEio-Mode Distribution on an Infinite Ground Plane

In practice, a commonly used aperture antenna is that of a rectangular waveguide
mounted on an infinite ground plane. At the opening, the field is usually approximated
by the dominant TEyp-mode. Thus

—a/2 <x' < +a/2
E, = 4, Eo cos (%’) (12-39)
a —b/2 <y <+4b/2

A. Equivalent, Radiated Fields, Beamwidths, and Side Lobe Levels

Because the physical geometry of this antenna is identical to that of Figure 12.7, their
equivalents and the procedure to analyze each one are identical. They differ only in
the field distribution over the aperture.

The details of the analytical formulation are not included. However, a summary of its
radiation characteristics is included in Table 12.1. The E-plane pattern of this aperture
is identical in form (with the exception of a normalization factor) to the E-plane of the
aperture of Section 12.5.1. This is expected, since the TEo-mode field distribution along

Relative
magnitude

T
70500 % NN
ey

X

N
sy il
oyl
i ity
R '[

25
,o’o’o‘g\“‘;l

il i

Vi ”%%ll )

e,
D et eSS
Y7 RRRRERNER
277 7R RN
00NN
LRSI
P AL RRRRINS
SRS

TR
Ilztffo:o:{

90°
0 0

H-plane (x-z, ¢ = 0°) E-plane (y-z, ¢ = 90°)

Figure 12.12 Three-dimensional field pattern of a TE;p-mode rectangular waveguide mounted
on an infinite ground plane (a = 3A, b = 21).
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the E-plane (y-z plane) is also a constant. That is not the case for the H-plane or at all
other points removed from the principal planes. To demonstrate that, a three-dimensional
pattern for the TE o-mode aperture with a = 31, b = 21 was computed and it is shown
in Figure 12.12. This pattern should be compared with that of Figure 12.8.

The expressions for the beamwidths and side lobe level in the E-plane are identical
to those given by (12-26)—(12-33). However those for the H-plane are more com-
plex, and a simple procedure is not available. Computations for the HPBW, FNBW,
FSLBW, FSLMM in the E- and H-planes were made, and they are shown graphically
in Figures 12.13 and 12.14.

When the same aperture is not mounted on a ground plane, the far-zone fields do
not have to be re-derived but rather can be written by inspection. This is accomplished
by introducing appropriately, in each of the field components (Ey and Eg4) of the
fourth column of Table 12.1, a (1 4+ cos 8)/2 factor, as is done for the fields of the two
apertures in the second and third columns. This factor is appropriate when the z-axis
is perpendicular to the plane of the aperture. Other similar factors will have to be used
when either the x-axis or y-axis is perpendicular to the plane of the aperture.

B. Directivity and Aperture Efficiency

The directivity of this aperture is found in the same manner as that of the uniform
distribution aperture of Section 12.5.1. Using the aperture electric field of (12-39), and
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Figure 12.13 E-plane beamwidths and first side lobe relative maximum magnitude for
TE o-mode rectangular waveguide mounted on an infinite ground plane.
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Figure 12.14 H-plane beamwidths and first side lobe relative maximum magnitude for
TE o-mode rectangular waveguide mounted on an infinite ground plane.

assuming that the aperture magnetic field is related to the electric field by the intrinsic
impedance 7, the radiated power can be written as

| Eo|?
Prog = Wy - ds =ab (12-39a)
4n
N

The maximum radiation intensity occurs at # = 0°, and it is given by

8 [ab\? |Eo|?
Unas = — ( = (12-39b)

Thus the directivity is equal to

8 4m 4 il 4

(12-39¢)
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In general, the maximum effective area Ay, is related to the physical area A, by
Aem = €apA,, 0=<¢,, <1 (12-40)

where €, is the aperture efficiency. For this problem €,, = 8/72 =~ 0.81. The aperture
efficiency is a figure of merit which indicates how efficiently the physical area of the
antenna is utilized. Typically, aperture antennas have aperture efficiencies from about
30% to 90%, horns from 35% to 80% (optimum gain horns have €,, ~ 50%), and
circular reflectors from 50% to 80%.

For reflectors, the aperture efficiency is a function of many factors. The most promi-
nent are the spillover, amplitude taper, phase distribution, polarization uniformity,
blockage, and surface random errors. These are discussed in detail in Section 15.4.1
of Chapter 15.

12.5.4 Beam Efficiency

The beam efficiency for an antenna was introduced in Section 2.10 and was defined
by (2-53). When the aperture is mounted on the x-y plane, the beam efficiency can
be calculated using (2-54). The beam efficiency can be used to judge the ability of
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Beam angle 8 (degrees) (a = b = 201)

Beam efficiency (%)

Figure 12.15 Beam efficiency versus half-cone angle 6, for a square aperture with different
field distributions. The aperture is not mounted on an infinite ground plane. (source: D. G. Fink
(ed.), Electronics Engineers’ Handbook, Section 18 (by W. F. Croswell), McGraw-Hill, New
York, 1975)
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the antenna to discriminate between signals received through its main lobe and those
through the minor lobes. Beam efficiencies for rectangular apertures with different aper-
ture field distributions are plotted, versus the half-cone angle 6;, in Figure 12.15 [11].
The uniform field distribution aperture has the least ability to discriminate between
main lobe and minor lobe signals. The aperture radiates in an unbounded medium, and
it is not mounted on an infinite ground plane. The lower abscissa scale is in terms
of 0, (in degrees), and it should be used only when a = b = 20A. The upper abscissa
scale is in terms of u[u = (ka/2)sin6; = (kb/2) sin 6], and it should be used for any
square aperture.

Example 12.4

Determine the beam efficiency, within a cone of half-angle 6; = 10°, for a square aperture
with uniform field distribution and with

a. a=b =201
b. a=5b=3A

Solution: The solution is carried out using the curves of Figure 12.15.

a. When a = b = 20A, the lower abscissa scale can be used. For 8; = 10°, the
efficiency for the uniform aperture is about 94%.

b. Fora =b = 3X and 6, = 10°

k o
o — 7“ sin 6, = 37 sin(10°) = 1.64

Using the upper abscissa scale, the efficiency for the uniform aperture at u = 1.64 is
about 58%.

An antenna array of slotted rectangular waveguides used for the AWACS airborne
system is shown in Figure 6.27. It utilizes waveguide sticks, with slits on their narrow
wall.

A MATLAB computer program, designated as Aperture, has been developed to com-
pute and display different radiation characteristics of rectangular and circular apertures.
The description of the program is found in the corresponding READ ME file included
in the CD attached to the book.

12.6 CIRCULAR APERTURES

A widely used microwave antenna is the circular aperture. One of the attractive features
of this configuration is its simplicity in construction. In addition, closed form expres-
sions for the fields of all the modes that can exist over the aperture can be obtained.
The procedure followed to determine the fields radiated by a circular aperture is iden-
tical to that of the rectangular, as summarized in Section 12.3. The primary differences
lie in the formulation of the equivalent current densities (Jx, J,, J;, My, My, M), the
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differential paths from the source to the observation point (+' cos 1), and the differen-
tial area (ds’). Before an example is considered, these differences will be reformulated
for the circular aperture.

Because of the circular profile of the aperture, it is often convenient and desirable
to adopt cylindrical coordinates for the solution of the fields. In most cases, therefore,
the electric and magnetic field components over the circular opening will be known
in cylindrical form; that is, E,, Ey4, E;, Hy, Hy, and H,. Thus the components of
the equivalent current densities My and J; would also be conveniently expressed in
cylindrical form (M,, My, M., J,, Jy, J;). In addition, the required integration over
the aperture to find Ny, Ny, Ly, and Ly of (12-12a)—(12-12d) should also be done in
cylindrical coordinates. It is then desirable to reformulate r' cosvy and ds’, as given
by (12-15a)—(12-16c¢).

The most convenient position for placing the aperture is that shown in Figure 12.16
(aperture on x-y plane). The transformation between the rectangular and cylindrical
components of J; is given by (see Appendix VII)

Jx cos¢’ —sing’ 0 Jy
Jy | = | sing’ cos¢’ O Js (12-41a)
J; 0 0 1 J,
Z
A
e
. |
|
|
r R :
|
I
N I
o I
r =p/ 1// |
_— / 1 =y
—a-
/——‘ ¢I ~ ‘ |
at N |

< 1
R
&
/
/
= —

Figure 12.16 Circular aperture mounted on an infinite ground plane.
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A similar transformation exists for the components of M;. The rectangular and cylin-
drical coordinates are related by (see Appendix VII)

x' = p’cos¢’

y = p’'sing’ (12-41b)

’ ’
Z =2

Using (12-41a), (12-12a)—(12-12d) can be written as

Ny = //[Jp cos 0 cos(¢p — ¢') + J, cos O sin(¢p — ¢') — J, sin6]
s
x e+jkr’ cos ¥ ds/ (12-423)
Ny = // [—J, sin(@ — @) + Jy cos(@ — ¢)]e™* <V ds’ (12-42b)
s
Ly = //[Mp cos B cos(¢p — ¢') + My cos O sin(¢p — ¢') — M, sin6]
s

x eIk sy g/ (12-42¢)

Ly = // [~ M, sin(¢ — ¢') + My cos(@ — ¢)le™ " d’ (12-42d)
N

where r’ cos i and ds’ can be written, using (12-15¢) and (12-41b), as

r'cosy = x'sinf cos¢ + y' sinf sing = p'sinf cos(¢p — ¢") (12-43a)

ds' =dx'dy = p'dp’ d¢’ (12-43b)

In summary, for a circular aperture antenna the fields radiated can be obtained by
either of the following:

1. If the fields over the aperture are known in rectangular components, use the same
procedure as for the rectangular aperture with (12-43a) and (12-43b) substituted
in (12-12a)—(12-124d).

2. If the fields over the aperture are known in cylindrical components, use the same
procedure as for the rectangular aperture with (12-42a)—(12-42d), along with
(12-43a) and (12-43b), taking the place of (12-12a)—(12-12d).

12.6.1 Uniform Distribution on an Infinite Ground Plane

To demonstrate the methods, the field radiated by a circular aperture mounted on an
infinite ground plane will be formulated. To simplify the mathematical details, the field
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over the aperture is assumed to be constant and given by

E,=4,E, p' <a (12-44)
where Ej is a constant.

A. Equivalent and Radiation Fields
The equivalent problem of this is identical to that of Figure 12.7. That is,

M —2fixE,=4,2E;y p' <a
t elsewhere (12-45)
Jy= 0 everywhere
Thus,
Ng =Ny =0 (12-46)
a 2
Ly = 2E(cos cos ¢ / 0 [ / g tIko'sin® cos(9—¢") d¢’] dp’' (12-47)
0 0
Because

2
/ e tike'sin0cos@=0" g — 27 Jo (kp' sin 6) (12-48)
0
(12-47) can be written as
Ly = 4w Eycosf cosqb/ Jo(kp' sin8)p’ dp’ (12-49)
0

where Jy () is the Bessel function of the first kind of order zero. Making the substitution

t =kp' sin6
dt = ksin6 dp’ (12-49a)
reduces (12-49) to
I 4mwEgcosfcosg [resn? tJo(t) dt (12-49b)
T 7 (ksing)? ’
Since
B B
f zJo(z)dz = zi(2)| = BJ1(B) (12-50)
o 0

where J;(f8) is the Bessel function of order one, (12-49b) takes the form of

(12-51)

Ji(ka sin @
Ly = 4na2E0 {cos@ cos ¢ [w“

ka sin 0
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Similarly

(12-52)

Ji(kasinf
Ly = —47a’Eqsin ¢ [w}

ka sin 6

Using (12-46), (12-51), and (12-52), the electric field components of (12-10a)—
(12-10c) can be written as

E. =0 (12-53a)
k 2E —Jjkr Ji (k in@
E, = j& sin ¢ w (12-53b)
r ka sin 6
ka® Ege™ /" Ji(kasin@
Ey = j& {cos@cosd) [w” (12-53¢)
r ka sin 6

In the principal E- and H-planes, the electric field components simplify to
E-Plane (¢ = /2)

E, =E;=0 (12-54a)
ka*Ege=*" T J,(ka sin 0)
Eg=j

(12-54b)

r ka sin 6

H -Plane (¢ = 0)

E, =Ey=0 (12-55a)

ka?Eye % { [Jl(ka sin@)]}
—lcosf | ——=

E, = 12-55b
0= ka sin 0 ( )

r

A three-dimensional pattern has been computed for the constant field circular aper-
ture of @ = 1.5A, and it is shown in Figure 12.17. The pattern of Figure 12.17 seems to
be symmetrical. However closer observation, especially through the two-dimensional
E- and H-plane patterns, will reveal that not to be the case. It does, however, possess
characteristics that are almost symmetrical.

B. Beamwidth, Side Lobe Level, and Directivity
Exact expressions for the beamwidths and side lobe levels cannot be obtained eas-
ily. However approximate expressions are available, and they are shown tabulated in
Table 12.2. More exact data can be obtained by numerical methods.

Since the field distribution over the aperture is constant, the directivity is given by

4 4 4 2ra\* [(C\*
Do= 2 A= 24, = (ra?) = (ﬂ> = <_) (12-56)

A? A2 A A A

since the maximum effective area A, is equal to the physical area A, of the aperture
[as shown for the rectangular aperture in (12-37)].
A summary of the radiation parameters of this aperture is included in Table 12.2.
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TABLE 12.2 Equivalents, Fields, Beamwidths, Side Lobe Levels, and Directivities of Circular Apertures

Uniform Distribution Aperture
on Ground Plane

TE{1-Mode Distribution Aperture
on Ground Plane

Aperture distribution of
tangential components
(analytical)

!’
E, = 8,E, +8sE, p=a
[
E, = Eody({yp/ fa)sing'/p § X1 = l'i‘“
Ey = EoJi' (x{,0'/a) cos ¢’ f = 8_,0’

Aperture distribution of
tangential components

(graphical) ,
—2fixE, p <a —2fixE, p' <a
. M, = M, =
Equivalent ’ 0 elsewhere ' 0 elsewhere
Jy= 0 everywhere Jy= 0 everywhere
Far-zone fields E.=H =0 E.=H =0
J1(Z Ji1(Z
Z = kasiné Eq = jCising 1(2) E(,:Czsinqb%
ka?Ege ™7k . J1(Z) J(Z)
Ci=j—— Ey = jCicosfcosp——— Ey = Cyc080 cosp—————
r . V4 1= (Z/x11)?
kaEoJi(xj)e "
Cy = j———H—— Hy = —Ey/n Hy = —Eg/n
X1, = 1.841 Hy = Eg/n Hy = Eo/1

N(2) = Jo(2) — J1(2)/Z
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Figure 12.17 Three-dimensional field pattern of a constant field circular aperture mounted on
an infinite ground plane (a = 1.51).

12.6.2 TE;1-Mode Distribution on an Infinite Ground Plane

A very practical antenna is a circular waveguide of radius ¢ mounted on an infi-
nite ground plane, as shown in Figure 12.16. However, the field distribution over the
aperture is usually that of the dominant TE;;-mode for a circular waveguide given by

E /
E,= —?Jl (&p) sing’
1Y a
9 Xl/l / /
E¢ = an_p/ J1 7,0 COS¢ (12_57)
E.=0
X1 = 1.841

The analysis of this problem is assigned at the end of this chapter as an exercise to
the reader (Problem 12.35). However, a three-dimensional pattern for a = 1.51 was
calculated, and it is shown in Figure 12.18. This pattern should be compared with that
of Figure 12.17 for the constant aperture field distribution.

The beamwidths and the side lobe levels in the E- and H-planes are different, and
exact closed-form expressions cannot be obtained. However, they can be calculated
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Figure 12.18 Three-dimensional field pattern of a TE;;-mode circular waveguide mounted on
an infinite ground plane (a = 1.51).

using iterative methods, and the data are shown in Figure 12.19 and 12.20 for the E-
and H-planes, respectively.

A summary of all the radiation characteristics is included in Table 12.2. When the
same apertures of Table 12.2 are not mounted on a ground plane, the far-zone fields do
not have to be re-derived but rather can be written by inspection. This is accomplished
by introducing appropriately, in each of the field components (Ey and Ey) of the
second and third columns of Table 12.2, a (1 4+ cos#)/2 factor, as was done for the
fields of the two apertures in the second and third columns of Table 12.1.

12.6.3 Beam Efficiency

Beam efficiency, as defined by (2-53) and calculated by (2-54), for circular apertures not
mounted on infinite ground planes is shown in Figure 12.21 [11]. The lower abscissa
scale (in degrees) is in terms of the half-cone angle 6, (in degrees), and it should be
used only when the radius of the aperture is 20A(a = 201). The upper abscissa scale
is in terms of u(u = ka sin6;), and it should be used for any radius circular aperture.

The procedure for finding the beam efficiency of a circular aperture is similar to
that of a rectangular aperture as discussed in Section 12.5.4, illustrated in Figure 12.15,
and demonstrated by Example 12.4.

A MATLAB computer program, designated as Aperture, has been developed to com-
pute and display different radiation characteristics of rectangular and circular apertures.
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Figure 12.19 E-plane beamwidths and first side lobe relative maximum magnitude for
TE;;-mode circular aperture mounted on an infinite ground plane.

The description of the program is found in the corresponding READ ME file included
in the CD attached to the book.

12.7 DESIGN CONSIDERATIONS

As is the case for arrays, aperture antennas can be designed to control their radiation
characteristics. Typically the level of the minor lobes can be controlled by tapering
the distribution across the aperture; the smoother the taper from the center of the
aperture toward the edge, the lower the side lobe level and the larger the half-power
beamwidth, and conversely. Therefore a very smooth taper, such as that represented
by a binomial distribution or others, would result in very low side lobes but larger
half-power beamwidths. In contrast, an abrupt distribution, such as that of uniform
illumination, exhibits the smaller half-power beamwidth but the highest side lobe level
(about - 13.5 dB). Therefore if it is desired to achieve simultaneously both a very
low sidelobe level, as well as a small half-power beamwidth, a compromise has to be
made. Typically an intermediate taper, such as that of a Tschebyscheff distribution or
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Figure 12.20 H-plane beamwidths and first side lobe relative maximum magnitude for
TE;-mode circular waveguide mounted on an infinite ground plane.

any other similar one, will have to be selected. This has been discussed in detail both
in Chapter 6 for arrays and in Chapter 7 for continuous sources. These can be used to
design continuous distributions for apertures.

Aperture antennas, both rectangular and circular, can also be designed for satellite
applications where the beamwidth can be used to determine the “footprint” area of
the coverage. In such designs, it is important to relate the beamwidth to the size
of the aperture. In addition, it is also important to maximize the directivity of the
antennas within a desired angular sector defined by the beamwidth, especially at the
edge of coverage (EOC) [12]. This can be accomplished, using approximate closed-
form expressions, as outlined in [12]. This procedure was used in Section 6.11 of
Chapter 6 for arrays, and it is applicable for apertures, both rectangular and circular.

12.7.1 Rectangular Aperture

For a rectangular aperture, of dimensions a and b, and with a uniform distribution,
the procedure to determine the optimum aperture dimensions a,b to maximize the
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Figure 12.21 Beam efficiency versus half-cone angle 6;, for a circular aperture with different
field distributions. The aperture is not mounted on an infinite ground plane. (source: D. G. Fink
(ed.), Electronics Engineers’ Handbook, Section 18 (by W. F. Croswell), McGraw-Hill, New

York, 1975)

directivity at an edge angle 6, of a given angular sector (0 <6 <6,) is identical
to that outlined in Section 6.11. Thus to determine the optimum dimension b of the
aperture so that the directivity is maximum at an edge-of-coverage angle 6. of an
angular sector 0 < 6 < 6., in the E-plane is given by (6-105a), or

A
E-Plane: b= —— (12-58a)
2sin 6.,

Similarly for the H-plane, the optimum dimension a is determined by

A
H-Plane: a = —— (12-58b)
2sin 6,

where 6, is the angle, in the H-plane, at the edge-of-coverage (EOC) angular sector
where the directivity needs to be maximized.

Since the aperture antenna is uniformly illuminated, the directivity of (6-103) based
on the optimum dimensions of (12-58a) and (12-58b) is

471A _47(A _47[ A A (12-59)
AT T 2P T 2 \ 2sin6,, ) \ 2sin6,,
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12.7.2 Circular Aperture

A procedure similar to that for the rectangular aperture can be used for the circular
aperture. In fact, it can be used for circular apertures with uniform distributions as well
as tapered (parabolic or parabolic with a pedestal) [12].

For a circular aperture with uniform distribution, the normalized power pattern
multiplied by the maximum directivity can be written as

(12-60)

2J;(kasin®))?
ka sin 0

P®) = 2ra)? {

The maximum value of (12-60) occurs when 6 = 0. However, for any other angle
6 = 6., the maximum of the pattern occurs when

ka sin6, = 1.841 (12-61)

or
1.841A A

T 2rsing,  3.413sin6,

(12-61a)

Therefore to maximize the directivity at the edge 6 = 6. of a given angular sector
0 < 60 < 6., the optimum radius of the uniformly illuminated circular aperture must be
chosen according to (12-61a).

The maximum value of (12-60), which occurs at 8 = 0, is equal to

P(0 = 0)|mux = 27a)’ (12-62)
while at the edge of the angular sector (6 = 6,) is equal to

2(0.5818)

2
— 2 _
T84l } = (2ma)“(0.3995) (12-63)

PO =6, = 2ra)* {

Therefore the value of the directivity at the edge of the desired coverage (6 = 6,),
relative to its maximum value at 8 = 0, is

PO =06.)

— = 0.3995 = —3.985 dB (12-64)
PO =0)

Since the aperture is uniformly illuminated, the directivity based on the optimum
radius of (12-61a) is

47 4r ([ 18411 \*> 3.3893  1.0797
_a _ _ (12-65)

= —A = T _— = =
A25P A2 \ 27 sin 6, sin®f,  sin’6,
A similar procedure can be followed for circular apertures with radial taper
(parabolic) and radial taper squared of Table 7.2, as well as radial taper (parabolic)
with pedestal. The characteristics of these, along with those of the uniform, are listed

in Table 12.3.
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TABLE 12.3 Edge-of-Coverage (EOC) Designs for Square and Circular Apertures

Size
Square: Side EOC Directivity
Aperture Distribution Circular: Radius Directivity (relative to peak)
. A b4
Square Uniform - — —3.920 dB
2sin(6,) sin“(6.)
) . A 1.0867
Circular Uniform - —3.985 dB
3.413sin(6,) sin®(6,)
) . A 1.2637
Circular Parabolic taper - 3 —4.069 dB
2.732sin(6,) sin“(6,)
) . A 1.227x
Circular Parabolic taper - — —4.034 dB
with —10 dB 3.064 sin(6,) sin“(6.)
pedestal

(SOURCE: K. Praba, “Optimal Aperture for Maximum Edge-of-Coverage (EOC) Directivity,” IEEE Anten-
nas & Propagation Magazine, Vol. 36, No. 3, pp. 72—74, June 1994. © (1994) IEEE)

Example 12.5

It is desired to design an aperture antenna, with uniform illumination, so that the directivity
is maximized at an angle 30° from the normal to the aperture. Determine the optimum
dimension and its associated directivity when the aperture is

a. Square
b. Circular

Solution: For a square aperture 6., = 0.;,. Therefore the optimum dimension, according
to (12-58a) or (12-58b), is
A
© 2sin(30°)

a =

while the directivity, according to (12-59), is

Dy= —— = — " = 125664 = 10.992 dB
sin“ 0,  sin“(30°)

The directivity at & = 30° is —3.920 dB from the maximum at § = 0°, or 7.072 dB.
For a circular aperture the optimum radius, according to (12-61a), is

A A

a= - = = 0.586\
3.413sin(30°)  3.413(0.5)

while the directivity, according to (12-65), is

1.079 1.079
Dy= % = " — 13559 =11.32 dB
sin” 6, sin“(30°)

The directivity at & = 30° is —3.985 dB from the maximum at § = 0°, or 7.365 dB.
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12.8 BABINET’S PRINCIPLE

Now that wire and aperture antennas have been analyzed, one may inquire as to whether
there is any relationship between them. This can be answered better by first introducing
Babinet’s principle which in optics states that when the field behind a screen with an
opening is added to the field of a complementary structure, the sum is equal to the field
when there is no screen. Babinet’s principle in optics does not consider polarization,
which is so vital in antenna theory; it deals primarily with absorbing screens. An
extension of Babinet’s principle, which includes polarization and the more practical
conducting screens, was introduced by Booker [13], [14]. Referring to Figure 12.22(a),
let us assume that an electric source J radiates into an unbounded medium of intrinsic
impedance 1 = (j1/€)"/? and produces at point P the fields Eo, Hy. The same fields

P
| &1 ® Eg, Ho, 7= (/)"
(a)
PEC
& 12
J & H ® E. H.,n=(ue)
Perfect electric
conductor
(b)
P

®E, Hn,n= ‘.F.'{e)”z

[
L
=

(c)

P
€M ®E,, Hy ng=(e/w)"?

=

(d)

Figure 12.22 Electric source in an unbounded medium and Babinet’s principle equivalents.
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can be obtained by combining the fields when the electric source radiates in a medium
with intrinsic impedance 7 = (u/€)'/? in the presence of

1. an infinite, planar, very thin, perfect electric conductor with an opening S,, which
produces at P the fields E,, H, [Figure 12.22(b)]

2. a flat, very thin, perfect magnetic conductor S,, which produces at P the fields
E,, H, [Figure 12.22(c)].

That is,
E0 = Ee + Em

Hyo =H, + H,

(12-66a)

The field produced by the source in Figure 12.22(a) can also be obtained by com-
bining the fields of

1. an electric source J radiating in a medium with intrinsic impedance n = (j1/€)'/?
in the presence of an infinite, planar, very thin, perfect electric conductor S,,
which produces at P the fields E,., H, [Figure 12.22(b)]

2. a magnetic source M radiating in a medium with intrinsic impedance 7, =
(€/m)'/? in the presence of a flat, very thin, perfect electric conductor S,, which
produces at P the fields E;, H; [Figure 12.22(d)]

That is,
Ey=E.,+H,

H,=H, - E,

(12-66b)

The dual of Figure 12.22(d) is more easily realized in practice than that of
Figure 12.22(c).

To obtain Figure 12.22(d) from Figure 12.22(c), J is replaced by M, E,, by
H,;,H,, by —E;,e¢ by u, and u by €. This is a form of duality often used in
electromagnetics (see Section 3.7, Table 3.2). The electric screen with the opening
in Figure 12.22(b) and the electric conductor of Figure 12.22(d) are also dual. They
are usually referred to as complementary structures, because when combined they form
a single solid screen with no overlaps. A proof of Babinet’s principle and its extension
can be found in the literature [5].

Using Booker’s extension it can be shown [13], [14] by referring to Figure 12.23,
that if a screen and its complement are immersed in a medium with an intrinsic
impedance 1 and have terminal impedances of Z; and Z., respectively, the impedances
are related by

Z,Z. =

”2
—_— 12- 7

To obtain the impedance Z. of the complement (dipole) in a practical arrangement,
a gap must be introduced to represent the feed points. In addition, the far-zone fields
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Figure 12.23 Opening on a screen and its complementary dipole.

radiated by the opening on the screen (Eg,, Egs, Hps, Hys) are related to the far-zone
fields of the complement (Eg., Egc, Hpe, Hpe) by

E@c E¢c
Eos = Hye, Eps = Hpe, Hys=—— =T (12-68)

Infinite, flat, very thin conductors are not realizable in practice but can be closely
approximated. If a slot is cut into a plane conductor that is large compared to the
wavelength and the dimensions of the slot, the behavior predicted by Babinet’s principle
can be realized to a high degree. The impedance properties of the slot may not be
affected as much by the finite dimensions of the plane as would be its pattern. The
slot of Figure 12.23(a) will also radiate on both sides of the screen. Unidirectional
radiation can be obtained by placing a backing (box or cavity) behind the slot, forming
a so-called cavity-backed slot whose radiation properties (impedance and pattern) are
determined by the dimensions of the cavity.

To demonstrate the application of Babinet’s principle, an example is considered.

Example 12.6

A very thin half-wavelength slot is cut on an infinite, planar, very thin, perfectly conducting
electric screen as shown in Figure 12.24(a). Find its input impedance. Assume it is radiating
into free-space.

Solution: From Babinet’s principle and its extension we know that a very thin half-
wavelength dipole, shown in Figure 12.24(b), is the complementary structure to the slot.
From Chapter 4, the terminal (input) impedance of the dipole is Z. = 73 + j42.5. Thus the
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Perfect electric

conductor
v
£l
Transmission
A2 feed line
— /

(a) A/2 thin slot (w > 0)

w

Electric
- conductor

| Transmission
A2 feed line

|
(b) A/2 flat thin dipole (w > 0)

Figure 12.24 Half-wavelength thin slot on an electric screen and its complement.

terminal (input) impedance of the slot, using (12-67), is given by
_om® (376 3547572
T 4Z. T 413+ j425) T T3+ j425
Zs ~362.95 — j211.31

5

The slot of Figure 12.24(a) can be made to resonate by choosing the dimensions
of its complement (dipole) so that it is also resonant. The pattern of the slot is iden-
tical in shape to that of the dipole except that the E- and H-fields are interchanged.
When a vertical slot is mounted on a vertical screen, as shown in Figure 12.25(a), its
electric field is horizontally polarized while that of the dipole is vertically polarized
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(a) A/2 slot on a screen

(b) A/2 flat dipole

Figure 12.25 Radiation fields of a 1/2 slot on a screen and of a A /2 flat dipole. (source: J. D.
Kraus, Antennas, McGraw-Hill, New York, 1988, Chapter 13)

[Fig. 12.25(b)]. Changing the angular orientation of the slot or screen will change the
polarization.

The slot antenna, as a cavity-backed design, has been utilized in a variety of law
enforcement applications. Its main advantage is that it can be fabricated and con-
cealed within metallic objects, and with a small transmitter it can provide covert
communications. There are various methods of feeding a slot antenna [15]. For proper
operation, the cavity depth must be equal to odd multiples of Az/4, where A, is the
guide wavelength.

12.9 FOURIER TRANSFORMS IN APERTURE ANTENNA THEORY

Previously the spatial domain analysis of aperture antennas was introduced, and it was
applied to rectangular and circular apertures radiating in an infinite, homogeneous,
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lossless medium. The analysis of aperture antennas mounted on infinite ground planes,
covered with lossless and/or lossy dielectric media, becomes too complex when it is
attempted in the spatial domain. Considerable simplification can result with the utility
of the frequency (spectral) domain.

12.9.1 Fourier Transforms-Spectral Domain

From Fourier series analysis, any periodic function f(x) with a period T can be repre-
sented by a Fourier series of cosine and sine terms. If the function f(x) is aperiodic and
exists only in the interval of 0 < x < T, a Fourier series can be formed by construct-
ing, in a number of ways, a periodic function. The Fourier series for the constructed
periodic function represents the actual aperiodic function f(x) only in the interval
0 < x < T. Outside this space, the aperiodic function f(x) is zero and the series rep-
resentation is not needed. A Fourier series for f(x) converges to the values of f(x)
at each point of continuity and to the midpoint of its values at each discontinuity.

In addition, f(x) can also be represented as a superposition of discrete complex
exponentials of the form

+0o0
fo) =" cueI O/ (12-69)
7 ,
&= / f(x)et I/ gy (12-69a)
0

or of continuous complex exponentials of the form

1 [T ‘
f&x) = —/ F(we " dw —00 <w < +00 (12-70a)
27 J_oo

whose inverse is given by

+00
F(w) = f(x)et®* dx  —o0 < x < 400 (12-70b)

—0o0

The integral operation in (12-70a) is referred to as the direct transformation and that
of (12-70b) as the inverse transformation and both form a transform pair.
Another useful identity is Parseval’s theorem, which for the transform pair, can be

written as
+o00 1

+00
fX)g*(x)dx = E/ F ()9 () dw (12-71)

where * indicates complex conjugate.
From the definitions of (12-70a), (12-70b) and (12-71), the Fourier transforms can
be expanded to two dimensions and can be written as

1 +00 +00 ]
fan=—+ / F(wy, wy)e @3t dey da, (12-72a)
—00 —00

+00 +00
F(wi, w) = / fx, y)e/@xFen) gy dy (12-72b)

—00 —00
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+o00 +o00
f fx,y)g"(x, y)dxdy

e e (12-72¢)
f F (w1, w2)G" (w1, ) dwy dw,
oo —00

T 4n2

The process can be continued to n dimensions.

The definitions, theorems, and principles introduced will be utilized in the sections
that follow to analyze the radiation characteristics of aperture antennas mounted on
infinite ground planes.

12.9.2 Radiated Fields

To apply Fourier transforms (spectral techniques) to the analysis of aperture antennas,
let us consider a rectangular aperture of dimensions @ and b mounted on an infinite
ground plane, as shown in Figure 12.26. In the source-free region (z > 0), the field
E(x, y, z) of a monochromatic wave radiated by the aperture can be written as a
superposition of plane waves (all of the same frequency, different amplitudes, and
traveling in different directions) of the form f(k,, ky)e’jk'r [16], [17]. The function
f(k., ky) is the vector amplitude of the wave, and k, and k, are the spectral frequencies
which extend over the entire frequency spectrum (—oo < k,, k, < 00). Thus the field
E(x, y, 7) can be written as

1 +00  pH4o00 )
E(x,y,2) = s / / f(k,, ky)e /% dk, dk, (12-73)
—0Q —0Q0

according to the definition of (12-72a). The object of a plane wave expansion is to
determine the unknown amplitudes f(k,, k;) and the direction of propagation of the
plane waves. Since

r=4a,x+4a,y+4:z (12-74)

(a) Uncovered aperture (b) Dielectric-covered aperture

Figure 12.26 Rectangular apertures mounted on infinite ground planes.
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and the propagation factor k (often referred to as the vector wavenumber) can be
defined as

k=4ak,+4a,k, +ak, (12-75)

(12-73) can be written as

1 oo oo . .
E(.y.0)=— / / [f(ky, ky)e /52 1e /B thn) gk dk,. (12-76)
—00 —00

The part of the integrand within the brackets can be regarded as the transform of
E(x, y, z). This allows us to write the transform pair as

1 +oo  p+o0 )

E(x,y,2) = — f G (ky, ky, 2)e ™ BT qk, dk, (12-77a)

42 —00 J—00

400 —+00 )

%(kxv ky’ Z) = / / E()C, y, Z)e+](kxx+ky)’) dx dy (12-77b)

—00 —00

where

E(ky, ky, 2) = f(ky, ky)e ke (12-77¢)

In principle then, according to (12-77a) and (12-77b) the fields radiated by an
aperture E(x, y, z) can be found provided its transform €(k,, k,, z) is known. To this
point the transform field €(k,, k,, z) can only be found provided the actual field E(x, y,
7) is known a priori. In other words, the answer must be known beforehand! However,
as it will be seen from what follows, if the transform field at z = 0

€k, kya 7z =0) =f(k,, ky) (12-78)

is formed, it will be sufficient to determine E(x,y,z). To form the transform

€(ky, ky,z =0) =f(ky, k), it will be necessary and sufficient to know only the

tangential components of the E-field at z = 0. For the problem of Figure 12.26(a),

the tangential components of the E-field at z = 0 exist only over the bounds of the

aperture (they vanish outside it because of the presence of the infinite ground plane).
In general

f(ky, ky) = a, fo(ky, ky) + 4, fy(ky, ky) + 8, fo (ke ky) (12-79)
which can also be written as

f(ky, ky) = £ (ky, ky) + 8, fo(ky, ky) (12-79a)
£ (ky, ky) = & fr (ks ky) + 4, f (ks ky) (12-79b)

For aperture antennas positioned along the x-y plane, the only components of
f(ky, k,) that need to be found are f. and f,. As will be shown in what follows,
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f> can be found once f; and f, are known. This is a further simplification of the
problem. The functions f; and f, are found, using (12-77a) and (12-77b), provided
the tangential components of the E-field over the aperture (E,, and E,,) are specified.
The solution of (12-77¢) is valid provided the z variations of E(k,, k,, z) are separable.
In addition, in the source-free region the field E(x, y, z) of (12-77a) must satisfy the
homogeneous vector wave equation. These allow us to relate the propagation constant
k; to ki, k, and k = (w./pt€), by

k2 =k = (k; + k) (12-80)

or
+ [k = (k3 +kD1V? when & > k3 + &y (12-80a)
| R ) P12 when K2 < K24+ B2 (12-80b)

This is left as an exercise to the reader. The form of &, as given by (12-80a) contributes
to the propagating waves (radiation field) of (12-76) and (12-77a) whereas that of (12-
80b) contributes to the evanescent waves. Since the field in the far zone of the antenna
is of the radiation type, its contribution comes from the part of the k., k, spectrum
which satisfies (12-80a). The values of k, and k, in (12-80)—(12-80b) are analogous
to the eigenvalues for the fields inside a rectangular waveguide [12]. In addition, k, is
analogous to the propagation constant for waveguides which is used to define cutoff.

To find the relation between f; and f, f,, we proceed as follows. In the source-free
region (z > 0) the field E(x, y, z), in addition to satisfying the vector wave equation,
must also be solenoidal so that

1 +oo  pH400 )
V-Ex,y,2)=V-{-—— / f f(k,, ky)e_fk" dk, dk,; =0 (12-81)
472 —oo J—00
Interchanging differentiation with integration and using the vector identity

V.@A) =aV-A+A-Va (12-82)

reduces (12-81) to

1 +oo  p+00 )
12 / / [f- V(e )] dk, dk, =0 (12-83)
T —o0 J—00 :

since V - f(k,, k,) = 0. Equation (12-83) is satisfied provided that
f.Ve /%" = —jf. ke /X" =0 (12-84)

or
f-k=®+4.f)-k=0 (12-84a)

or
ft -k _ (kax + fyky)

ke k;

fo=— (12-84b)

From (12-84b) it is evident that f, can be formed once f; and f, are known.
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All three components of f (fy, f, and f;) can be found, using (12-77b) and (12-78),
provided the two components of E (E,, E,) at z = 0, which is the plane of the aperture
and ground plane of Figure 12.26(a), are known. Because E, and E| along the z =0
plane are zero outside the bounds of the aperture (|x| > a/2, |y| > b/2), (12-77b) and
(12-78) reduce for fy and f, to

+b/2 +a/2 ) , ,
Salky, ky) = / / E.o(x',y, 7 = 0)et &X'+ gy gy’ (12-85a)
b2 Joap

+b/2  ptal2 o )
fylky, ky) = / f Eyo(x', ¥, 7 = 0)e &X+hD gy’ gy’ (12-85b)
—b/2 J—aj2

where primes indicate source points. Ey,(x, ',z = 0) and Ey,(x’, y’, 2 = 0), which
represent the tangential components of the electric field over the aperture, are the only
fields that need to be known. Once f, and f, are found by using (12-85a) and (12-85b),
fz and €(k,, ky, z) can be formed using (12-84a) and (12-77c), respectively. Thus, the
solution for E(x, y, z) for the aperture in Figure 12.26(a) is given by

E(x,y,2) = // e Gk ky, eI CTOY dk dk,

=[k2— (k2+k2)]‘/2

+ paeee €k ky, e O dky dky (12-86)
k= jI0C+KD)—k2]1 /2
e+ |
%(kx’ky’Z)z[aXf”+ayfy Z(%”e—]klz (12-86a)
Z

where f; and f, are given by (12-85a) and (12-85b).
In summary, the field radiated by the aperture of Figure 12.26(a) can be found by
the following procedure:

1. Specify the tangential components of the E-field (E,, and E,,) over the bounds
of the aperture.

Find f; and f, using (12-85a) and (12-85b), respectively.
Find f, using (12-84b).

Find €(k,, ky, z) using (12-86a).

Formulate E(x, y, z) using (12-86).

A

This completes the solution for E(x, y, z). However, as is evident from (12-86),
the integration is quite difficult even for the simplest of problems. However, if the
observations are restricted in the far-field region, many simplifications in performing
the integrations can result. This was apparent in Chapters 4, 5 and in others. In many
practical problems, the far zone is usually the region of greatest importance. Since
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it is also known that for all antennas the fields in the far zone are primarily of the
radiated type (propagating waves), then only the first integral in (12-86) contributes in
that region.

In the next section, our attention is directed toward the evaluation of (12-86a) or
(12-73) in the far-zone region (large values of kr). This is accomplished by eval-
uating (12-73) asymptotically for large values of kr by the method of Stationary
Phase [18], [19].

To complete the formulation of the radiated fields in all regions, let us outline the
procedure to find H(x, y, z). From Maxwell’s equations

1
H(x,y,z) = —V xE(x, y,2)
Jou

1 1 +oo  p+oo )
=——V — f(k,, ky)e /%" dk, dk 12-87
jou X [4n2 ./;oo /—oo ( v)e y] ( )

Interchanging integration with differentiation and using the vector identity

V x (@A) =aV x A+ (Va) x A (12-88)
reduces (12-87) to
1 +0o0 +00 .
H(x,y,2) = — / / (f x K)e /5T dk, dky (12-89)
47%kn J_o J_oo

since V x f(ky, ky) = 0 and V(e /%) = — jke /5T from (12-84).

12.9.3 Asymptotic Evaluation of Radiated Field

The main objective in this section is the evaluation of (12-73) or (12-86a) for obser-
vations made in the far-field. For most practical antennas, the field distribution on
the aperture is such that an exact evaluation of (12-73) in closed form is not possible.
However, if the observations are restricted to the far-field region (large kr), the integral
evaluation becomes less complex. This was apparent in Chapters 4, 5, and others. The
integral of (12-73) will be evaluated asymptotically for large values of kr using the
method of Stationary Phase (Appendix VIII) [18], [19].

The stationary phase method assumes that the main contribution to the integral of
(12-73) comes from values of k, and k, where Kk - r does not change for first order
changes in k, and k,. That is to say k - r remains stationary at those points. For the
other values of k, and k,, k - r changes very rapidly and the function e /T oscillates
very rapidly between the values of +1 and —1. Assuming that f(k,, k,) is a slowly
varying function of k, and k,, the integrand of (12-73) oscillates very rapidly outside the
stationary points so that the contribution to the integral from that region is negligible.
As the observation point approaches infinity, the contributions to the integral from the
region outside the stationary points is zero. For practical applications, the observation
point cannot be at infinity. However, it will be assumed to be far enough such that the
major contributions come from the stationary points.



708 APERTURE ANTENNAS

The first task in the asymptotic evaluation of (12-73) is to find the stationary points

of k - r. For that, k - r is written as
k-r=(Q.k +ak,+4a,k)ar
Using the inverse transformation of (4-5), (12-90) can be written as
k-r=r(k;sinf cos¢ + k,sinf sin¢g + k; cos0)

which reduces, using (12-80a) to

K-r=rlk.sindcosd +kysindsing + /k? — kI — k3 cos 6]

The stationary points can be found by

alk -

k- _ 0
ok,

a(k -
k- _ 0
ok,

Using (12-92) and (12-80), (12-93a) and (12-93b) reduce to

d(k-r) ) ky
=r|(sinfcos¢ — k—cos@ =0

ak, z

ok-r) ) . ky
=r(sinfsin¢g — —cosh | =0
ok, k,

whose solutions are given, respectively, by

_, sinfcos¢
T cos
0 si

k, = k. sin 6 sin ¢
’ cos 6

Using (12-95a) and (12-95b), (12-80) can be written as

. 2
242 2 242 sin” 6
k* =k +k; +kj=k; <1+c0s29>

which reduces for k, to
k, = kcos@

(12-90)

(12-91)

(12-92)

(12-93a)

(12-93b)

(12-94a)

(12-94b)

(12-95a)

(12-95b)

(12-96)

(12-97)

With the aid of (12-97), the stationary point of (12-95a) and (12-95b) simplify to

k, = ksinf cos¢ =k
ky =ksin6 sin¢ = k

(12-98a)
(12-98b)
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The function k - r can be expanded into a Taylor series, about the stationary point
k1, ko, and it can be approximated by the zero, first, and second order terms. That is,

dk-r) dkk-r)
k-r~k-r + (ke — k1) + ——=|  (ky — ko)
k],kz 8kx kl,kz aky k[,kz
19%Kk-r) 13%(k-r)
7 ke — k) + = k, — k)2
) ak)% kl’kz( 1) + ) 3/(3 kl,kz( y 2)
(k- 1) (ky — k1) (ky — k) (12-99)
ok, |, T

Since the second and third terms vanish at the stationary point k, = k; and k, = k,
(12-99) can be expressed as

k-r=k-r — AE2 — Bp? — Cé&n (12-100)
ki,ky
where
19%(k -
_ _19k-1 (12-100a)
20 9k [ 4
19%(k -
_ _19k-1 (12-100b)
2 ak§ ko
92(k -
_ _¥&k-n (12-100c)
Ok ky |y, 4,
£ = (ky — k) (12-100d)
n = (k, — ko) (12-100e)

Using (12-97)-(12-98b), (12-90) reduces to

k-r| =kr (12-101)

ki,ka

Similarly, with the aid of (12-92), A, B, and C can be written, after a few manipula-
tions, as

19%(k-r1) r sin? 6 cos? ¢

A= Dy Ty S0P 12-102
2 9k2 ok 2k < + cos2 6 ( 2
102k - in” 6 sin’

_ 19k L S sin” 9 sin” ¢ (12-102b)

2 0kE s, 2k cos? 6
3%k - r) r sin® 6 ,

C=-— = ————cos¢sing (12-102¢)
Ok dky | n, Kk cos
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Thus (12-73) can be approximated around the stationary point k, = k; and k, = k5,
which contributes mostly to the integral, by

1 . 2
Ble.y.2 =30 // B(ky = k1. ky = kp)e /A8 BT CED g gy (12-103)

Si2

or
1 . .
E(x,y,2) = (ki kp)e " / / HIAEHBIHCED g iy (12-103a)
TT

Si2

where S is the surface near the stationary point.
The integral of (12-103a) can be evaluated with the method of Stationary Phase.
That is, (see Appendix VIII)

a2 2nd
JAE+B+CEN ge gp — i
/fe sdn=J /4AB — C2| (12-104)

Si2

+1 if4AB>C?and A >0
§=1—-1 if4AB>C?and A <0 (12-104a)
—j if4AB < C?

With the aid of (12-102a)-(12-102c), the factor 4AB — C? is

— 2 _ r : -
4AB —C = (kcose) (12-105)

Since 4AB > C? and A > 0, (12-103) reduces to

Ag2L B2 2wk
// L R L I L (12-106)
r
Si2
and (12-103a) to
kefjkr
E(r,0,¢)~j > [cosOf(k; = ksinf cos ¢, ko = k sinf sin¢)] (12-107)
T

In the far-field region, only the 6 and ¢ components of the electric and magnetic
fields are dominant. Therefore, the Ey and E4 components of (12-107) can be written
in terms of f, and f,. With the aid of (12-84b), f can be expressed as

A M] (12-108)

f:ﬁxfx +ﬁyfy+ﬁzfz: [ﬁxfx+ﬁyfv_az k
z
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At the stationary point (k, = k; = ksinf cos ¢, k, = ky = ksinf sing, k, = k cos0),
(12-108) reduces to

£y, ko) = [ﬁxfx +a,f, - ﬁzi%m cos ¢ + f,sin qb)} (12-109)

Using the inverse transformation of (4-5), the 6 and ¢ components of f can be written as

g, = Jxcose + fysing (12-110a)
cosf
fo = —fising + f, cos (12-110b)

The E-field of (12-107) reduces, for the 6 and ¢ components, to

keIt . .
E(.6.9) = j———[8(fi cosd + fysing) + By cos6(~ fysing + f, cos §)]
(12-111)
and the H-field to
H(r, 0,¢) = \/E[ﬁr x E(r, 0, ¢)] (12-112)
7
where from (12-85a) and (12-85b)
felky = ki, ky = ko)
+b/2 a2 (12-113a)
— / Exa(x/’ y/’ Z/ — O)ejk(x’sin0cos¢+y/sin9sin¢) dx' dy’
—b/2 J—aj2

fylky = ki, ky = k)

el (12-113b)
= f Eya(x/a y/’ Z/ — O)ejk(x’sin000s¢+)v’sin95in¢) dx/ dy/
—b/2 —a/2

To illustrate the frequency domain (spectral) techniques, the problem of a uniform
illuminated aperture, which was previously analyzed in Section 12.5.1 using spatial
methods, will be solved again using transform methods.
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Example 12.7
A rectangular aperture of dimensions a and b is mounted on an infinite ground plane, as
shown in Figure 12.26(a). Find the field radiated by it assuming that over the opening the
electric field is given by

—a/2 <x' <a/2
E, =4,E,,
—b/2=<y <b/2
where Ej is a constant.
Solution: From (12-113a) and (12-113b)
fx =0
+b2 +af2
fv — EO/ e_/ky sin 6 sin ¢ dy,/ ejkx sin 6 cos ¢ dx’
’ —b/2 —a/2

which, when integrated, reduces to

sin X sinY
, = abE
h=aome () (55)

ka .
X = 731n9003¢

kb . .
Y = 731n951n¢

The 6 and ¢ components of (12-111) can be written as

_abkEge % (. sinX | [sinY
Eo=1J 2wy sing X Y

_abkEge 7k sinX | [sinY
Ey = j————— jcosf cos ¢
2wy X Y

which are identical to those of (12-23b) and (12-23c), respectively.

12.9.4 Dielectric-Covered Apertures

The transform (spectral) technique can easily be extended to determine the field radi-
ated by dielectric-covered apertures [20], [21]. For the sake of brevity, the details will
not be included here. However, it can be shown that for a single lossless dielectric
sheet cover of thickness #, dielectric constant €,, unity relative permeability, and free-
space phase constant ko, the far-zone radiated field Ey, Ey of the covered aperture of
Figure 12.26(b) are related to EJ, Eg of the uncovered aperture of Figure 12.26(a) by

Eo(r,0,¢) = fO)EJ(r, 0, ¢) (12-114a)

Ey(r,0,¢) = gO)EJ(r, 0, ¢) (12-114b)
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where

Ey, E4 = field components of dielectric-covered aperture [Fig. 12.26(b)]
Eg, Eg = field components of uncovered aperture [Fig. 12.26(a)]

ejk()h cos 6

F©) = cosy + jZysiny (12-114¢)

ejk[)]’l cos

0) = -
8@ cosy + jZ.siny (12-114d)

¥ = kohv/€, —sin® 0 (12-114e)

7 cosf
= 12-114
‘ €, — sin’@ ( D
J— 1 2
Z, = €, —sin~ 6 (12-114g)
€, cosd

The above relations do not include surface wave contributions which can be taken into
account but are beyond the scope of this section [20].

To investigate the effect of the dielectric sheet, far-zone principal E- and H-plane
patterns were computed for a rectangular waveguide shown in Figure 12.26(b). The
waveguide was covered with a single dielectric sheet, was operating in the dominant
TE |y mode, and was mounted on an infinite ground plane. The E- and H-plane patterns
are shown in Figure 12.27(a) and 12.27(b), respectively. In the E-plane patterns, it is
evident that the surface impedance of the modified ground plane forces the normal
electric field component to vanish along the surface (¢ = w/2). This is similar to
the effects experienced by the patterns of the vertical dipole above ground shown
in Figure 4.31. Since the H-plane patterns have vanishing characteristics when the
aperture is radiating in free-space, the presence of the dielectric sheet has a very
small overall effect. This is similar to the effects experienced by the patterns of a
horizontal dipole above ground shown in Figure 4.32. However, both the E- and H-
plane patterns become more broad near the surface, and more narrow elsewhere, as
the thickness increases.

12.9.5 Aperture Admittance

Another parameter of interest, especially when the antenna is used as a diagnostic tool,
is its terminating impedance or admittance. In this section, using Fourier transform
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Figure 12.27 Amplitude radiation patterns of a dielectric-covered waveguide mounted on an
infinite ground plane and with a TE;p-mode aperture field distribution.

(spectral) techniques, the admittance of an aperture antenna mounted on an infinite
ground plane and radiating into free-space will be formulated. Computations will be
presented for a parallel-plate waveguide. The techniques can best be presented by
considering a specific antenna configuration and field distribution. Similar steps can be
used for any other geometry and field distribution.

The geometrical arrangement of the aperture antenna under consideration is shown
in Figure 12.26(a). It consists of a rectangular waveguide mounted on an infinite ground
plane. It is assumed that the field distribution, above cutoff, is that given by the TE
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mode, or
T —a/2 <x' <a/2
E, = 4,Eq cos (—x’) (12-115)
a —b/2 <y <b/2
where Ej is a constant. The aperture admittance is defined as
2pP*
= —— 12-116
e ( )
where
P* = conjugate of complex power transmitted by the aperture
V = aperture reference voltage.
The complex power transmitted by the aperture can be written as
1 / / / * / !’ / a / /
P=§ [E(x',y, 2 =0 xH'&', y, 2 =0)]-a,dx" dy (12-117)
Sa

where S, is the aperture of the antenna. E(x’, y’, z/ = 0) and H(x', y’, 7/ = 0) represent
the total electric and magnetic fields at the aperture including those of the modes which
operate below cutoff and contribute to the imaginary power. For the field distribution
given by (12-115), (12-117) reduces to

_ 1 "y = OVH (X V. 7 = OV dx dV 12-11
P__E [Ey(-xvyaz - )Hx(x7yvz - )] x ay ( - 7a)
Sa

The amplitude coefficients of all modes that can exist within the waveguide, prop-
agating and nonpropagating, can be evaluated provided the total tangential E- and/or
H-field at any point within the waveguide is known. Assuming that (12-115) represents
the total tangential E-field, it allows the determination of all mode coefficients. Even
though this can be accomplished, the formulation of (12-117a) in the spatial domain
becomes rather complex [22].

An alternate and simpler method in the formulation of the aperture admittance is to
use Fourier transforms. By Parseval’s theorem of (12-72c¢), (12-117a) can be written as

1 +00 +00
P=— / f E,(x',y, 2 =0)H; (X', y', 2’ = 0)dxdy’
2) 00 Joo

1 +0o0 +o00
= / €y (ky, ky)IC: (e, ky) dky dk, (12-118)
T2 ) oo Joo

where the limits of the first integral have been extended to infinity since Ey(x’, y', 2’ =
0) vanishes outside the physical bounds of the aperture. €, (k., k,) and 3, (k., k) are
the Fourier transforms of the aperture E- and H-fields, respectively.

The transform €(k,, k,, z = 0) is obtained from (12-78) while ¥ (k,, ky, z = 0) can
be written, by referring to (12-89), as

1
Wik k2 =0) = = (A x k) (12-119)
i Ui



716 APERTURE ANTENNAS
For the problem at hand, the transforms €, and 9, are given by

C(gy(km ky) = fy(kxaky) (12-120)

1 k? 1 [k — k2
9 (ky, ky) = T (kz + k—‘) = i ( p ) f (12-121)
Z Z

Using (12-77b) and (12-115), (12-120) reduces to

+b/2 p4a/2
fylky, ky) = EO/ cos e’(k YYD gy’ dy'
—b/2 J=a)2
wab cos X sinY
(ke k) = E 12-122
Tyl d) (2) °[(n/2>2—<X>2H Y } ( )
where
k
X = ;a (12-122a)
kyb
Y:% (12-122b)

Substituting (12-120)—(12-122b) into (12-118) leads to

_ (mabEy)* [ [T ) (k* —k}) cos X 2lsinY 7? k. dik
B 32n2knf / k (r/2)? — (X)? Y e

(12-123)
If the reference aperture voltage is given by
ab
V=—E (12-124)
NG 0
the aperture admittance can be written as
_ (k,b\T?
v 2 P* B 1 +o0 Sin T f+oo (kZ k2)
o V|2 B 8kn M —o0 k,
2
(12-125)
2
k.a
cos
X ( 2 dky ¢ dk
<JT>2 k.a 2 ! '
2 2
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where k, is given by (12-80a) and (12-80b). As stated before, the values of k, as given
by (12-80a) contribute to the radiated (real) power and those of (12-80b) contribute
to the reactive (imaginary) power. Referring to Figure 12.28, values of k, and k,
within the circle contribute to the aperture conductance, and the space is referred to
as the visible region. Values of k, and k, outside the circle contribute to the aperture
susceptance and constitute the invisible region. Thus (12-125) can be separated into its
real and imaginary parts, and it can be written as

Yo=G,+ JBa (12-126)

_ (kyp\T?
L R W N (K2 — k2)
“Takn )y | kb /o K — (2 + kD]
2
(12-1262)
2
%)
cos
2
X 5 | dky g dky
R
2 2
()]
sin | —
1 k % 2 _ g2
oo L / \a) / &)
4kn | Jo kyb Jie—i2 [(k2 +k2) — k212
> : )
(kxa 1
cos | —
x | ke podk,
- (s
2 2 ) ]
(12-126b)
+/oo sin 2 /oo (k)%—k2)
k kyb o [k +k5) — k2112
2
(kxa 1?
cos | —
X dky ¢ dk,
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Figure 12.28 Visible and invisible regions in k-space.

The first term in (12-126b) takes into account the contributions from the strip outside
the circle for which k, < k, and the second term includes the remaining space outside
the circle.

The numerical evaluation of (12-126a) and (12-126b) is complex and will
not be attempted here. Computations for the admittance of rectangular apertures
radiating into lossless and lossy half spaces have been carried out and appear in
the literature [23]—[27]. Various ingenious techniques have been used to evaluate
these integrals.

Because of the complicated nature of (12-126a) and (12-126b) to obtain numerical
data, a simpler configuration will be considered as an example.

Example 12.8

A parallel plate waveguide (slot) is mounted on an infinite ground plane, as shown in
Figure 12.29. Assuming the total electric field at the aperture is given by

Eu:ﬁyEO —b/zi)’/ib/z

where Ej is a constant, find the aperture admittance assuming the aperture voltage is given
by V = bE,.

Solution: This problem bears a very close similarity to that of Figure 12.26(a), and most
of the results of this example can be obtained almost directly from the previous formulation.
Since the problem is two-dimensional, (12-120)—(12-122) reduce to

sin (%)
c(g)'(ky) = f}(ky) =bEy——

. vb)
sin =

k f, kbE

%X(k),)=;£= o2/

kz nkz kv

Sty
= Ve

Sl o

|
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>y

E-field

Figure 12.29 Parallel-plate waveguide geometry and aperture field distribution.

and (12-123) to

~<

sin AN
sin | —
(bEp)*k [T 1 2
P = — | ——= | dk,
47'”7 —00 k? k)b
2
Since the aperture voltage is given by V = bE), the aperture slot admittance (per unit length
along the x direction) of (12-125) can be written as

sin (k‘vb :
ko |\ Ty
Y, ol dk

a=27_”] o kg !

k0
2
and the aperture slot conductance and susceptance of (12-126a) and (12-126b) as
(kb7
Kok M 72
G, = 3 b dky
CUESR T
kyb\ 1?
sin (’7)
3 dk

kyb g
2

_k/k 1
™ Jo fk2 — k2
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b\’
sin | =
© 2
i
v fe_re| ke
2
kyb\ 77
ko1 2
B,= — dk,
e fe_pe | ke
2
If )
w = Eky

the expressions for the slot conductance and susceptance reduce to

2 [ 1 sinw '\ 2
G, = dw

mto Sk —w\ w

P 1 sinw '\ 2
B, = — dw
A Jwp Jw? — (kbj2)2 \ w

The admittance will always be capacitive since B, is positive.
The expressions for the slot conductance and susceptance (per unit length along the x
direction) reduce for small values of kb to [5]

2
G, ~ z 1-— (kb)
nA 24

> S
A
-
o|_

B[l

[

Z 11 = 0.636 In (kb)]
ni

and for large values of kb to

A1\ 1\/7 26 1 A
B, ~—(— l— = —-cos{—+—|m
n \7wb 2V b A 4

Normalized values of AG, and AB, as a function of b/X for an aperture radiating into free
space are shown plotted in Figure 12.30.
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Figure 12.30 Normalized values of conductance and susceptance of narrow slot.

12.10 GROUND PLANE EDGE EFFECTS: THE GEOMETRICAL THEORY
OF DIFFRACTION

Infinite size (physically and/or electrically) ground planes are not realizable in prac-
tice, but they can be approximated closely by very large structures. The radiation
characteristics of antennas (current distribution, pattern, impedance, etc.) mounted on
finite size ground planes can be modified considerably, especially in regions of very
low intensity, by the effects of the edges. The ground plane edge diffractions for an
aperture antenna are illustrated graphically in Figure 12.31. For these problems, rigor-
ous solutions do not exist unless the object’s surface can be described by curvilinear
coordinates. Presently there are two methods that can be used conveniently to account
for the edge effects. One technique is the Moment Method (MM) [28] discussed in
Chapter 8 and the other is the Geometrical Theory of Diffraction (GTD) [29].

The Moment Method describes the solution in the form of an integral, and it can
be used to handle arbitrary shapes. It mostly requires the use of a digital computer for
numerical computations and, because of capacity limitations of computers, it is most
computationally efficient for objects that are small electrically. Therefore, it is usually
referred to as a low-frequency asymptotic method.

When the dimensions of the radiating object are large compared to the wavelength,
high-frequency asymptotic techniques can be used to analyze many otherwise not math-
ematically tractable problems. One such technique, which has received considerable
attention in the past few years, is the Geometrical Theory of Diffraction (GTD) which
was originally developed by Keller [29]. The GTD is an extension of the classical
Geometrical Optics (GO; direct, reflected, and refracted rays), and it overcomes some
of the limitations of GO by introducing a diffraction mechanism [2].

The diffracted field, which is determined by a generalization of Fermat’s prin-
ciple [2], [30], is initiated at points on the surface of the object where there is a
discontinuity in the incident GO field (incident and reflected shadow boundaries). The
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(a) Upper-lower (b) Left-right

Figure 12.31 Diffraction mechanisms for an aperture mounted on a finite size ground plane
(diffractions at upper-lower and left-right edges of the ground plane).

phase of the field on a diffracted ray is assumed to be equal to the product of the
optical length of the ray (from some reference point) and the phase constant of the
medium. Appropriate phase jumps must be added as a ray passes through caustics.*
The amplitude is assumed to vary in accordance with the principle of conservation of
energy in a narrow tube of rays. The initial value of the field on a diffracted ray is
determined from the incident field with the aid of an appropriate diffraction coefficient
(which, in general, is a dyadic for electromagnetic fields). The diffraction coefficient is
usually determined from the asymptotic solutions of the simplest boundary-value prob-
lems which have the same local geometry at the points of diffraction as the object(s) of
investigation. Geometries of this type are referred to as canonical problems. One of the
simplest geometries is a conducting wedge [31], [32]. Another is that of a conducting,
smooth, and convex surface [33]-[35].

The primary objective in using the GTD to solve complicated geometries is to
resolve each such problem into smaller components [8]—[10], [35]. The partitioning
is made so that each smaller component represents a canonical geometry of a known
solution. These techniques have also been applied for the modeling and analysis of
antennas on airplanes [36], and they have combined both wedge and smooth con-
ducting surface diffractions [33], [35]. The ultimate solution is a superposition of the
contributions from each canonical problem.

Some of the advantages of GTD are

1. It is simple to use.
2. It can be used to solve complicated problems that do not have exact solutions.

*A caustic is a point or a line through which all the rays of a wave pass. Examples of it are the focal point
of a paraboloid (parabola of revolution) and the focal line of a parabolic cylinder. The field at the caustic
is infinite because, in principle, an infinite number of rays pass through it.
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Figure 12.33 Principal E-plane amplitude patterns of an aperture antenna mounted on a finite
size ground plane.
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Figure 12.34 Measured and computed principal elevation plane amplitude patterns of a A/4
monopole above infinite and finite square ground planes.

3. It provides physical insight into the radiation and scattering mechanisms from
the various parts of the structure.

4. It yields accurate results which compare extremely well with experiments and
other methods.

5. It can be combined with other techniques such as the Moment Method [37].

The derivation of the diffraction coefficients for a conducting wedge and their appli-
cation are lengthy, and will not be repeated here. An extensive and detailed treatment
of over 100 pages, for both antennas and scattering, can be found in [2]. However, to
demonstrate the versatility and potential of the GTD, three examples are considered.
The first is the E-plane pattern of a rectangular aperture of dimensions a,b mounted
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on a finite size ground plane, as shown in Figure 12.31. The GTD formulation along
the E-plane includes the direct radiation and the fields diffracted by the two edges of
the ground plane, as shown in Figure 12.32. The computed E-plane pattern along with
the measured one are shown in Figure 12.33; an excellent agreement is indicated.
The two other examples considered here are the elevation pattern of a A /4 monopole
mounted on square and circular ground planes. The diffraction mechanism on the
principal planes for these is the same as that of the aperture, which is shown in
Figure 12.32. The corresponding principal elevation plane pattern of the monopole on
the square ground plane is displayed in Figure 12.34 while that on the circular one is

f =1GHz 180°
2a =4' = 4.064)

Experiment

— — — — Theory (GO and GTD)

X

Figure 12.35 Measured and computed principal elevation plane amplitude patterns of a A/4
monopole (blade) above a circular ground plane.



726 APERTURE ANTENNAS

exhibited in Figure 12.35. For each case an excellent agreement is indicated with the
measurements. It should be noted that the minor lobes near the symmetry axis (6 = 0°
and 6 = 180°) for the circular ground plane of Figure 12.35 are more intense than
the corresponding ones for the square ground plane of Figure 12.34. These effects are
due to the ring-source radiation by the rim of the circular ground plane toward the
symmetry axis [2], [10].

12.11 MULTIMEDIA

In the CD that is part of the book, the following multimedia resources are included for
the review, understanding, and visualization of the material of this chapter:

a. Java-based interactive questionnaire, with answers.

b. Matlab computer program, designated Aperture, for computing and displaying
the radiation characteristics of rectangular and circular apertures.

c. Power Point (PPT) viewgraphs, in multicolor.
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PROBLEMS

12.1.

12.2.

12.3.

12.4.

12.5.

A uniform plane wave traveling in the +z direction, whose magnetic field is
expressed as

H =a,Hpe /™ 7<0

> Mo €0

FYar
g y® la/Z ‘

impinges upon an aperture on an infinite, flat, perfect electric conductor whose
cross section is indicated in the figure.

(a) State the equivalent that must be used to determine the field radiated by
the aperture to the right of the conductor (z > 0).

(b) Assuming the aperture dimension in the y direction is b, determine the
far-zone fields for z > 0.

Repeat Problem 12.1 when the incident magnetic field is polarized in the
x direction.

Repeat Problem 12.1 when the incident electric field is polarized in the
y direction.

Repeat Problem 12.1 when the incident electric field is polarized in the
x direction.

A perpendicularly polarized plane wave is obliquely incident upon an aperture,
with dimension a and b, on a perfectly electric conducting ground plane of
infinite extent, as shown in the figure. Assuming the field over the aperture is
given by the incident field (ignore diffractions from the edges of the aperture),
find the far-zone spherical components of the fields for x > 0.
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12.7.

12.8.

12.9.
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Repeat Problem 12.5 for a parallelly polarized plane wave (when the incident
magnetic field is polarized in the z direction, i.e., the incident magnetic field
is perpendicular to the x-y plane while the incident electric field is parallel to
the x-y plane).

A narrow rectangular slot of size L by W is mounted on an infinite ground
plane that covers the x-y plane. The tangential field over the aperture is
given by

E, = ﬁyEoe—jkox’\/z/Z

Using the equivalence principle and image theory, we can replace the aperture
and infinite ground plane with an equivalent magnetic current radiating in
free-space. Determine the

(a) appropriate equivalent
(b) far-zone spherical electric field components for z > 0
(c) direction (0, ¢) in which the radiation intensity is maximum

~<

S

o
| |
I 1

L

A rectangular aperture, of dimensions a¢ and b, is mounted on an infinite
ground plane, as shown in Figure 12.6(a). Assuming the tangential field over
the aperture is given by

E.=4.E) —a/2<y <a/2, —b/2<7 <b)2

find the far-zone spherical electric and magnetic field components radiated by
the aperture.

Repeat Problem 12.8 when the same aperture is analyzed using the coordinate
system of Figure 12.6(b). The tangential aperture field distribution is given by

E,=4.E) —b/2<x <b/2, —a/2<7 <a/2
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12.10.

12.11.

12.12.

12.13.

12.14.

12.15.

12.16.
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Repeat Problem 12.8 when the aperture field is given by
E, = 4. E, cos (%y) —ap2<y <aj2, —bj2<7 <b)2
Repeat Problem 12.9 when the aperture field distribution is given by
E, = 4, E, cos (%Z) —b2<x <bj2, —aj2<7 <a)2

Find the fields radiated by the apertures of Problems

(@ 128 (b) 12.9

(¢) 12.10 () 12.11

when each of the apertures with their associated field distributions are not
mounted on a ground plane. Assume the tangential H-field at the aperture is
related to the E-field by the intrinsic impedance.

Find the fields radiated by the rectangular aperture of Section 12.5.3 when it
is not mounted on an infinite ground plane.

For the rectangular aperture of Section 12.5.3 (with a = 4A, b = 31), com-
pute the

(a) E-plane beamwidth (in degrees) between the maxima of the second
minor lobe

(b) E-plane amplitude (in dB) of the maximum of the second minor lobe
(relative to the maximum of the major lobe)

(c) approximate directivity of the antenna using Kraus’ formula. Compare it
with the value obtained using the expression in Table 12.1.

A rectangular X-band (8.2—-12.4 GHz) waveguide (with inside dimensions of
0.9 in by 0.4 in) operating in the dominant TE;y mode at 10 GHz is mounted
on an infinite ground plane and used as a receiving antenna. This antenna
is connected to a matched lossless transmission line and a matched load is
attached to the transmission line. Determine the:

(a) Directivity (dimensionless and in dB) using:
1. the most accurate formula that is available to you in class.
2. Kraus’ formula.

(b) Maximum power (in watts) that can be delivered to the load when a
uniform plane wave with a power density of 10 mW/cm? is incident upon
the antenna at normal incidence. Neglect any losses.

A lossless aperture antenna has a gain of 11 dB and overall physical area of

222

(a) What is the aperture efficiency of this antenna (in %)?

(b) Assuming the antenna is matched to a lossless transmission line that in turn
is connected to a load that is also matched to the transmission line, what is
the maximum power that can be delivered to the load if the incident power
density at the antenna aperture is 10 x 10~ watts/cm”? The frequency of
operation is 10 GHz.
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For the rectangular aperture of Section 12.5.1 with @ = b = 3A, compute the
directivity using (12-37) and the Aperture computer program.

For the rectangular aperture of Section 12.5.2 with @ = b = 3A, compute the
directivity using (12-37) and the Aperture computer program.

Compute the directivity of the aperture of Section 12.5.3, using the Aperture
computer program, when
(@a=3x,b=2x (b)a=>b=3x

Repeat Problem 12.19 when the aperture is not mounted on an infinite
ground plane.

For the rectangular aperture of Section 12.5.3 with a = 3A, b = 2A, com-
pute the

(a) E-plane half-power beamwidth

(b) H-plane half-power beamwidth

(c) E-plane first-null beamwidth

(d) H-plane first-null beamwidth

(e) E-plane first side lobe maximum (relative to main maximum)
(f) H-plane first side lobe maximum (relative to main maximum)

using the formulas of Table 12.1. Compare the results with the data from
Figures 12.13 and 12.14. Verify using the computer program Aperture.

A square waveguide aperture, of dimensions a = b and lying on the x-y plane,
is radiating into free-space. Assuming a cos(x’/a) by cos(ry’/b) distribution
over the aperture, find the dimensions of the aperture (in wavelengths) so that
the beam efficiency within a 37° total included angle cone is 90%.

Verify (12-39a), (12-39b), (12-39¢), and (12-40).

A rectangular aperture mounted on an infinite ground plane has aperture elec-
tric field distributions and corresponding efficiencies of

FIELD DISTRIBUTION APERTURE EFFICIENCY

(a) Triangular 75%
(b) Cosine square 66.67%
A
/ \
T /, \
b Triangular
AL // cos2/'\\\
Al ~

What are the corresponding directives (in dB) if the dimensions of the aperture
are a = A/2 and b = A/4?
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The physical area of an aperture antenna operating at 10 GHz is 200 cm?
while its directivity is 23 dB. Assuming the antenna has an overall radiation
efficiency of 90% and it is perfectly matched to the input transmission line,
find the aperture efficiency of the antenna.

Two X-band (8.2—12.4 GHz) rectangular waveguides, each operating in the
dominant TE;p-mode, are used, respectively, as transmitting and receiving
antennas in a long distance communication system. The dimensions of each
waveguide are @ = 2.286 cm (0.9 in.) and » = 1.016 cm (0.4 in.) and the cen-
ter frequency of operation is 10 GHz. Assuming the waveguides are separated
by 10 kilometers and they are positioned for maximum radiation and reception
toward each other, and the radiated power is 1 watt, find the:

(a) Incident power density at the receiving antenna
(b) Maximum power that can be delivered to a matched load

Assume the antennas are lossless, are polarization matched, and each is
mounted on an infinite ground plane.

The normalized far-zone electric field radiated in the E-plane (x-z plane;
¢ = 0°) by a waveguide aperture antenna of dimensions a and b, mounted on
an infinite ground plane as shown in the figure, is given by

in kb s
. oublye % St 2 co

E=-
! ar @ cosf
2

Determine in the E-plane the:
(a) Vector effective length of the antenna.
(b) Maximum value of the effective length.

State the value of 8 (in degrees) which maximizes the effective length.

A uniform plane wave is incident upon an X-band rectangular waveguide, with
dimensions of 2.286 cm and 1.016 cm, mounted on an infinite ground plane.
Assuming the waveguide is operating in the dominant TE o mode, determine
the maximum power that can be delivered to a matched load. The frequency
is 10 GHz and the power density of the incident plane wave is 10~* watts/m?.
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Compute the aperture efficiency of a rectangular aperture, mounted on an infi-
nite ground plane as shown in Figure 12.7, with an E-field aperture distribution
directed toward y but with variations

(a) triangular in the x and uniform in the y

(b) cosine-squared in the x and uniform in the y

(c) cosine in the x and cosine in the y

(d) cosine-squared in both the x and y directions.

How do they compare with those of a cosine distribution?

An X-band (8.2-12.4 GHz) WR 90 rectangular waveguide, with inner dimen-
sions of 0.9 in. (2.286 cm) and 0.4 in. (1.016 cm), is mounted on an infinite
ground plane. Assuming the waveguide is operating in the dominant TE;o-
mode, find its directivity at f = 10 GHz using the

(a) computer program Aperture
(b) formula in Table 12.1
Compare the answers.

Repeat Problem 12.30 at f = 20 GHz for a K-band (18-26.5 GHz) WR 42
rectangular waveguide with inner dimensions of 0.42 in. (1.067 cm) and 0.17
in. (0.432 cm).

Four rectangular X-band waveguides of dimensions a = 0.9 in. (2.286 cm)
and » = 0.4 in. (1.016 cm) and each operating on the dominant TE;y-mode,
are mounted on an infinite ground plane so that their apertures and the ground
plane coincide with the x-y plane. The apertures form a linear array, are placed
along the x-axis with a center-to-center separation of d = 0.85A apart, and they
are fed so that they form a broadside Dolph—Tschebyscheff array of —30 dB
minor lobes. Assuming a center frequency of 10 GHz, determine the overall
directivity of the array in decibels.

Sixty-four (64) X-band rectangular waveguides are mounted so that the aper-
ture of each is mounted on an infinite ground plane that coincides with the x-y
plane, and all together form an 8 x 8 = 64 planar array. Each waveguide has
dimensions of @ = 0.9 in. (2.286 cm), b = 0.4 in. (1.086 cm) and the center-
to-center spacing between the waveguides is d, = d, = 0.85A. Assuming a
TEp-mode operation for each waveguide, a center frequency of 10 GHz, and
the waveguides are fed to form a uniform broadside planar array, find the
directivity of the total array.

Find the far-zone fields radiated when the circular aperture of Section 12.6.1
is not mounted on an infinite ground plane.

Derive the far-zone fields when the circular aperture of Section 12.6.2
(a) is

(b) is not

mounted on an infinite ground plane.

A circular waveguide (not mounted on a ground plane), operating in the
dominant TE;; mode, is used as an antenna radiating in free-space. Write
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in simplified form the normalized far-zone electric field components radiated
by the waveguide antenna. You do not have to derive them.

A circular waveguide of radius a = 1.125 cm, NOT mounted on an infinite
PEC ground plane and operating in the dominant TE;; mode at a frequency
of 10 GHz, is used as a receiving antenna. On the basis of the approximate
equivalent, determine the following:

(a) Far-zone electric and magnetic radiated fields (you do not have to derive
them). Specify the angular limits (lower and higher in degrees) on the
observation angles 6 and ¢.

(b) Maximum power (in watts) that can be delivered to a receiver (load)
assuming the receiver (load) is matched to the transmission line that
connects the antenna and the receiver (load). Assume that the transmis-
sion line has a characteristic impedance of 300 ohms while the antenna
has an input impedance of 350 + j 400 ohms. Assume no other losses.
The maximum power density of the wave impinging upon the antenna is
100 watts /m?.

A lossless circular aperture antenna has a gain of 15 dB and overall physical
area of 25 cm?. The frequency of operation is 10 GHz.

(a) What is the aperture efficiency of the antenna (in %)?

(b) What is the power P, delivered to a matched load given that the power
density of the incident wave at the antenna aperture is 30 mW/cm?>?
Assume ideal conditions (no losses).

A lossless circular aperture antenna operating on the dominant TE ;;-mode and
mounted on an infinite ground plane has an overall gain of 9 dB. Determine
the following:

(a) Physical area (in A?) of the antenna.

(b) Maximum effective/equivalent area (in A*) of the antenna.

(c) Aperture efficiency (in percent).

(d) How much more or less efficient (in percent) is this antenna with a TE ;; -
mode distribution compared with the same antenna but with a uniform

field distribution over its aperture. State which one is more or less effi-
cient.

For the circular aperture of Section 12.6.1, compute its directivity, using the
Aperture computer program of this chapter, when its radius is

(a)a=051 (b)a=151 (c)a=3.01

Compare the results with data from Table 12.2.

Repeat Problem 12.40 when the circular aperture of Section 12.6.1 is not
mounted on an infinite ground plane. Compare the results with those of
Problem 12.40.

For the circular aperture of Problem 12.35, compute the directivity, using the
Aperture computer program of this chapter, when its radius is

(@a=051r (b)ya=151 (c)a=3.01

Compare the results with data from Table 12.2.
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12.43. For the circular aperture of Section 12.6.2 with @ = 1.5A, compute the
(a) E-plane half-power beamwidth
(b) H-plane half-power beamwidth
(c) E-plane first-null beamwidth
(d) H-plane first-null beamwidth
(e) E-plane first side lobe maximum (relative to main maximum)

735

(f) H-plane first side lobe maximum (relative to main maximum) using
the formulas of Table 12.2. Compare the results with the data from

Figures 12.19 and 12.20. Verify using the program Aperture.

12.44. A circular aperture of radius « is mounted on an infinite electric ground plane.
Assuming the opening is on the x-y plane and its field distribution is given by

N 2
(a) E, = éiyE‘O |:1 - (p_) :| , 10/ <a
a
N 272
(b) E, = ﬁyEO |:1 - <p_> :| , ,0/ <a
a

find the far-zone electric and magnetic field components radiated by the

antenna.

12.45. Repeat Problem 12.44 when the electric field is given by

E, = ﬁyEO[l - (,0//0)], 10/ <a

Find only the radiation vectors L. and N. Work as far as you can. If you find
you cannot complete the solution in closed form, state clearly why you cannot.

Simplify as much as possible.

12.46. A coaxial line of inner and outer radii a and b, respectively, is mounted on an
infinite electric ground plane. Assuming that the electric field over the aperture

of the coax is
E a 14 ! <p <b
= - T LN a = =
a ?eln(bja) o’ p

< 4b

where V is the applied voltage and € is the permittivity of the coax medium,
find the far-zone spherical electric and magnetic field components radiated by

the antenna.
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It is desired to design a circular aperture antenna with a field distribution over
its opening of

E =C[l - (p'/a)*]

where C is a constant, a its radius, and p’ any point on the aperture, such
that its beam efficiency within a 60° total included angle cone is 90%. Find
its radius in wavelengths.

For the antenna of Problem 12.47, find its efficiency within a 40° total included
angle cone when its radius is 2A.

Design square apertures with uniform illumination so that the directivity at
60° from the normal is maximized relative to that at & = 0°. Determine
the:

(a) Dimensions of the aperture (in A)

(b) Maximum directivity (in dB)

(c) Directivity (in dB) at 60° from the maximum

Design a circular aperture with uniform illumination so that the directiv-
ity at 60° from the normal is maximized relative to that at & = 0°. Deter-
mine the

(a) Radius of the aperture (in A)

(b) Maximum directivity (in dB)

(c) Directivity (in dB) at 60° from the maximum

Repeat Problem 12.50 for a circular aperture with a parabolic distribution.

Repeat Problem 12.50 for a circular aperture with a parabolic taper on
10 dB pedestal.

Derive the edge-of-coverage (EOC) design characteristics for a circular aper-
ture with a parabolic taper.

Design a rectangular aperture of uniform illumination so that its directiv-

ity in the E- and H-planes is maximized (relative to its maximum value),

respectively, at angles of 30° and 45° from the normal to the aperture.

(a) Determine the optimum dimensions (in 1) of the aperture.

(b) What is the maximum directivity (in dB) of the aperture and at what
angle(s) (in degrees) will this occur?

(c) What is the directivity (in dB) of the aperture along the E-plane at 30°
from the normal to the aperture?

(d) What is the directivity (in dB) of the aperture along the H-plane at 45°
from the normal to the aperture?

Design a circular aperture with uniform distribution so that its directivity at
an angle # = 35° from the normal to the aperture is maximized relative to its
maximum value at = 0°. Specifically,



12.56.

12.57.

12.58.

12.59.

12.60.

PROBLEMS 737

(a) find the optimum radius (in A) of the aperture.
(b) what is the maximum directivity (in dB) at 6 = 0°?
(c) what is the directivity (in dB) at 6 = 35°?

A vertical dipole is radiating into a free-space medium and produces fields
Ey and Hy. Illustrate alternate methods for obtaining the same fields using
Babinet’s principle and extensions of it.

(a) (1) Sketch the six principal-plane patterns, and (2) define the direction
of E and H along the three principal axes and at 45° to the axes, for
a thin slot one-half wavelength long, cut in a conducting sheet which
has infinite conductivity and extending to infinity, and open on both
sides. Inside dimensions of the slot are approximately 0.51 by 0.1A.
Assume that the width (0.11) of the slot is small compared to a wave-
length. Assume a coordinate system such that the conducting plane lies
on the x-y plane with the larger dimension of the slot parallel to the
y-axis.

(b) Sketch the six approximate principal-plane patterns Eg(¢ = 0°), E4(¢p =
0%), Eg(¢ = 90°), E4(¢ = 90°), Eg(0 = 90°), E4(6 = 90°).

A very thin circular annular slot with circumference of one wavelength is cut
on a very thin, infinite, flat, perfectly electric conducting plate. The slot is
radiating into free-space. What is the impedance (real and imaginary parts) of
the slot?

Repeat Example 12.7 for a rectangular aperture with an electric field distribu-
tion of

T —a/2 <x' <a/2

E, = 4,E(cos (—x’) ,

a —b/2 <y <b/2
Two identical very thin (b = A/20) parallel-plate waveguides (slots), each
mounted on an infinite ground plane, as shown in Figure 12.29 of the book
for one of them, are separated by a distance of A,/2 where A, is the parallel-
plate waveguide (transmission line) that is connecting the two slots. Assuming
each slot is of width W = 10 cm, the parallel-plate waveguide (transmission
line) is filled with air, the slots are radiating in free-space and are operating
at /10 GHz:
(a) What is the admittance Y, of one slot in the absence of the other (both

real and imaginary parts)?
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(b) What is the total input impedance Z;, of both slots together when looking

in at the input of one of them in the presence of the other (both real and
imaginary parts)?

— B o+ [

Parallel Plate Transmission
Line
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Horn Antennas

13.1 INTRODUCTION

One of the simplest and probably the most widely used microwave antenna is the horn.
Its existence and early use dates back to the late 1800s. Although neglected somewhat
in the early 1900s, its revival began in the late 1930s from the interest in microwaves
and waveguide transmission lines during the period of World War II. Since that time a
number of articles have been written describing its radiation mechanism, optimization
design methods, and applications. Many of the articles published since 1939 which deal
with the fundamental theory, operating principles, and designs of a horn as a radiator
can be found in a book of reprinted papers [1] and chapters in handbooks [2], [3].

The horn is widely used as a feed element for large radio astronomy, satellite
tracking, and communication dishes found installed throughout the world. In addition
to its utility as a feed for reflectors and lenses, it is a common element of phased arrays
and serves as a universal standard for calibration and gain measurements of other high-
gain antennas. Its widespread applicability stems from its simplicity in construction,
ease of excitation, versatility, large gain, and preferred overall performance.

An electromagnetic horn can take many different forms, four of which are shown in
Figure 13.1. The horn is nothing more than a hollow pipe of different cross sections,
which has been tapered (flared) to a larger opening. The type, direction, and amount of
taper (flare) can have a profound effect on the overall performance of the element as
a radiator. In this chapter, the fundamental theory of horn antennas will be examined.
In addition, data will be presented that can be used to understand better the operation
of a horn and its design as an efficient radiator.

13.2 E-PLANE SECTORAL HORN

The E-plane sectoral horn is one whose opening is flared in the direction of the E-field,
and it is shown in Figure 13.2(a). A more detailed geometry is shown in Figure 13.2(b).

*Portions of this chapter on aperture-matched horns, multimode horns, and dielectric-loaded horns were
first published by the author in [2], Copyright 1988, reprinted by permission of Van Nostrand Reinhold Co.

Antenna Theory: Analysis Design, Third Edition, by Constantine A. Balanis
ISBN 0-471-66782-X Copyright © 2005 John Wiley & Sons, Inc.
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(b} H-plane

(a) E-plane

¥ ﬂ

(¢) Pyramidal (d) Conical

Figure 13.1 Typical electromagnetic horn antenna configurations.

13.2.1 Aperture Fields

The horn can be treated as an aperture antenna. To find its radiation characteristics, the
equivalent principle techniques developed in Chapter 12 can be utilized. To develop
an exact equivalent of it, it is necessary that the tangential electric and magnetic field
components over a closed surface are known. The closed surface that is usually selected
is an infinite plane that coincides with the aperture of the horn. When the horn is not
mounted on an infinite ground plane, the fields outside the aperture are not known
and an exact equivalent cannot be formed. However, the usual approximation is to
assume that the fields outside the aperture are zero, as was done for the aperture of
Section 12.5.2.

The fields at the aperture of the horn can be found by treating the horn as a radial
waveguide [4]—-[6]. The fields within the horn can be expressed in terms of cylindrical
TE and TM wave functions which include Hankel functions. This method finds the
fields not only at the aperture of the horn but also within the horn. The process is
straightforward but laborious, and it will not be included here. However, it is assigned
as an exercise at the end of the chapter (Problem 13.1).

It can be shown that if the (1) fields of the feed waveguide are those of its dominant
TE o mode and (2) horn length is large compared to the aperture dimensions, the lowest
order mode fields at the aperture of the horn are given by

E,=E,=H =0 (13-1a)

E}(x',3") = Eycos (Zx') /10" /o) (13-1b)
a
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(a) E-plane horn

(b) E-plane view

Figure 13.2 E-plane horn and coordinate system.

H(x'\Y) ~ jE, (kZ—n) sin (%x) e (13-1¢)

H (x',y) ~ _E& cos (zx/> e~ Jky?/@p0] (13-1d)
n a

P1 = P COS Y, (13-1e)

where E; is a constant. The primes are used to indicate the fields at the aperture of
the horn. The expressions are similar to the fields of a TEjyp-mode for a rectangular
waveguide with aperture dimensions of a and b;(b; > a). The only difference is the
complex exponential term which is used here to represent the quadratic phase variations
of the fields over the aperture of the horn.

The necessity of the quadratic phase term in (13-1b)—(13-1d) can be illustrated
geometrically. Referring to Figure 13.2(b), let us assume that at the imaginary apex of
the horn (shown dashed) there exists a line source radiating cylindrical waves. As the
waves travel in the outward radial direction, the constant phase fronts are cylindrical.
At any point y’ at the aperture of the horn, the phase of the field will not be the same
as that at the origin (y' = 0). The phase is different because the wave has traveled
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different distances from the apex to the aperture. The difference in path of travel,
designated as 8(y’), can be obtained by referring to Figure 13.2(b). For any point y’

[p1 + 8O = pf + ()2 (13-2)

or

N2 1/2
6@3=—m+ﬂﬁ+@¥f”=—m+m[1+(%>} (13-2a)
1

which is referred to as the spherical phase term.
Using the binomial expansion and retaining only the first two terms of it, (13-2a)

reduces to
1 y/ 2 1 y/2
8(Y) = =pi+p 1+—<—> =—<—— 13-2b
s 2\ p1 2\ p; ( )

when (13-2b) is multiplied by the phase factor k, the result is identical to the quadratic
phase term in (13-1b)—(13-1d).

The quadratic phase variation for the fields of the dominant mode at the aperture
of a horn antenna has been a standard for many years, and it has been chosen because
it yields in most practical cases very good results. Because of its simplicity, it leads
to closed form expressions, in terms of sine and cosine Fresnel integrals, for the
radiation characteristics (far-zone fields, directivity, etc.) of the horn. It has been shown
recently [7] that using the more accurate expression of (13-2a) for the phase, error
variations and numerical integration yield basically the same directivities as using the
approximate expression of (13-2b) for large aperture horns (b, of Figures 13.2 or a;
of Figure 13.10 greater than 501) or small peak aperture phase error (S = p, — p; of
Figure 13.2 or T = p, — p, of Figure 13.10 less than 0.2A). However, for intermediate
aperture sizes (SA < b; or a; < 8X) or intermediate peak aperture phase errors (0.21 <
S or T < 0.6)) the more accurate expression of (13-2a) for the phase variation yields
directivities which are somewhat higher (by as much as a few tenths of a decibel)
than those obtained using (13-2b). Also it has been shown using a full-wave Moment
Method analysis of the horn [8] that as the horn dimensions become large the amplitude
distribution at the aperture of the horn contains higher-order modes than the TE;y mode
and the phase distribution at the aperture approaches the parabolic phase front.

Example 13.1

Design an E-plane sectoral horn so that the maximum phase deviation at the aperture of the
horn is 56.72°. The dimensions of the horn are @ = 0.5A, b = 0.25A, b; = 2.75A.
Solution: Using (13-2b)

k(b /2)? 4
= 4 /— = = o
A(lblmax = k5(y )l) =b;/2 2[71 56.72 ( 180)
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or
_(275Y 180 o
P=2) sem”~

The total flare angle of the horn should be equal to

2 2.75/2
24, = 2tan™! <M> = 2tan”! (7TS/> =25.81°

L1

13.2.2 Radiated Fields

To find the fields radiated by the horn, only the tangential components of the E- and/or
H-fields over a closed surface must be known. The closed surface is chosen to coincide
with an infinite plane passing through the mouth of the horn. To solve for the fields,
the approximate equivalent of Section 12.5.2 is used. That is,

E, T\ - ks
Jy = ——cos(—x)e Jk6G —a/2 <x' <a/2
n a (13-3)
a
and
J, =M, =0 elsewhere (13-3a)
Using (12-12a)
E
Ny = ——LcosOsingl, I (13-4)
n
where
+a/2 T
I = / cos (—x’) elk¥'sindcos gyt
—a/2 a
ka .
cos | — sin6 cos ¢
Ta 2
_ <_> 5 (13-4a)
2 ka . T2
—sinfcos¢p | — (—)
2 2
+b1/2
L :/ e—jk[é(y’)—y’sin@sind)] dy/ (13-4b)
—by/2

The integral of (13-4b) can also be evaluated in terms of cosine and sine Fresnel
integrals. To do this, I; can be written, by completing the square, as

+b1/2 +b1/2 .
I, =/ ey /@p)—kyy'] dy' = ej(kfp,/zk)/ e*j[(ky,fkypl)“/2kpl]dy/ (13-5)
—b1/2 —b1/2
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where
ky = ksinf sin ¢

Making a change of variable

\/?z— 1(k’ k,p1)
2_ 2k,0 y yP1

(ky’ — kyp1)

reduces (13-5) to

5
L= TP gitn 2 / L i gy
k 4
5
= TP iw ek / 2 [cos (Zﬂ) — jsin (Zﬂ)] dt
V& j 2 2

and takes the form of

I, = \/? /(kzﬂl/Zk){[C(t2) —Ct)] — ][S([z) S(tl)]}

where

[ 1 kb,
= —— —k
1 kor ( B v,01>

1 kb,
= — —k,
2=\ 7koy ( 2 'pl)
C(x) =/ cos (%12> dt
0
S(x) =/ sin (%ﬂ) dt
0

(13-5a)

(13-6a)

(13-6b)

(13-6¢)

(13-7)

(13-8)

(13-8a)

(13-8b)

(13-8c)

(13-8d)

C(x) and S(x) are known as the cosine and sine Fresnel integrals and are well tab-
ulated [9] (see Appendix IV). Computer subroutines are also available for efficient

numerical evaluation of each [10], [11].



E-PLANE SECTORAL HORN 745

Using (13-4a) and (13-8), (13-4) can be written as

< (km)

co

. 0 si 2

Ny = E]E mel(kfpl/Zk) % costsing F(ty, 1) (13-9)

o B (ES )

where
ky = ksin6 cos ¢ (13-9a)
ky = ksin6 sin¢ (13-9b)
F(t, 1) =[C(t) — Ct)] — jIS(2) — S(t1)] (13-9¢)

In a similar manner, Ny, Lg, Ly of (12-12b)—(12-12d) reduce to

kya
mTa w1 e cos ¢ cos 2
Ny=E — /T‘eﬂkw'/%) F(t, 1) (13-10a)

2 ") -G

k.a
Ta [TPr g2 cos
Ly = Ej— | =ELei®n/20 o I 0050 cos ¢ | Fn) (13-10b)
T

kya
mTa |[mwp; cos 2
_ j(k301/2K) ) o
L¢—E17 Tej o1/ sin ¢ toa > s F(t, 1) (13-10c)
( 2 ) a (5)

The electric field components radiated by the horn can be obtained by using (12-
10a)-(12-10c), and (13-9)—(13-10c). Thus,

E =0 (13-11a)
,a«/nk,olEle*jkr
Ey=—j——F(c——
8r
cos (kxa) (13-11b)
x 1 el &3P /2 gin & (1 + cos ) > 2 F(t, )

) -3)
2 2
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,a»‘/rrkp]Ele*jk’
e

By =- 8r

cos ("X“) (13-11¢)
F(th t2)

x 1 ei®p1/20) cosp(cosf + 1)

where #, t, k., k,, and F(#;,%,) are given, respectively, by (13-8a), (13-8b),
(13-9a), (13-9b), and (13-9c). The corresponding H-field components are obtained
using (12-10d)—(12-10f).

In the principal E- and H-planes, the electric field reduces to

E -Plane (¢ = /2)

E,=E;=0 (13-12a)
Jrkpi Eje=i% o sin? 2\?
EG :_ja TTKP1 L€ {_e/(kplsm 6/2) (_) (1+COS9)F([;,I£)}
8r b4
(13-12b)

) 3 by ,

= P —?—pl sin 6 (13-12¢)
P1
k b

£ = /n— <+31 — o sin9> (13-12d)
L1

H -Plane (¢ = 0)
E, =Ey=0 (13-13a)

.a«/mkp; Ee ik
je—

Ey=— . (1 + cosh) (ka . 9)2 (n>2 F@t/. 1)
— SIn —\=
’ ’ (13-13b)
{/Z_% nipl (13-13c)
,g=+% nipl (13-13d)

To better understand the performance of an E-plane sectoral horn and gain some
insight into its performance as an efficient radiator, a three-dimensional normalized
field pattern has been plotted in Figure 13.3 utilizing (13-11a)—(13-11c). As expected,
the E-plane pattern is much narrower than the H-plane because of the flaring and larger
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Figure 13.3 Three-dimensional field pattern of E-plane sectoral horn (p; = 6A, by = 2.754,
a = 0.5)).

dimensions of the horn in that direction. Figure 13.3 provides an excellent visual view
of the overall radiation performance of the horn. To display additional details, the cor-
responding normalized E- and H-plane patterns (in dB) are illustrated in Figure 13.4.
These patterns also illustrate the narrowness of the E-plane and provide information
on the relative levels of the pattern in those two planes.

To examine the behavior of the pattern as a function of flaring, the E-plane patterns
for a horn antenna with p; = 15X and with flare angles of 20° < 2y, < 35° are plotted
in Figure 13.5. A total of four patterns is illustrated. Since each pattern is symmetrical,
only half of each pattern is displayed. For small included angles, the pattern becomes
narrower as the flare increases. Eventually the pattern begins to widen, becomes flatter
around the main lobe, and the phase tapering at the aperture is such that even the
main maximum does not occur on axis. This is illustrated in Figure 13.5 by the pattern
with 24/, = 35°. As the flaring is extended beyond that point, the flatness (with certain
allowable ripple) increases and eventually the main maximum returns again on axis. It
is also observed that as the flaring increases, the pattern exhibits much sharper cutoff
characteristics. In practice, to compensate for the phase taper at the opening, a lens is
usually placed at the aperture making the pattern of the horn always narrower as its
flare increases.

Similar pattern variations occur as the length of the horn is varied while the flare
angle is held constant. As the length increases, the pattern begins to broaden and
eventually becomes flatter (with a ripple). Beyond a certain length, the main maximum
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Figure 13.4 E- and H-plane patterns of an E-plane sectoral horn.

does not even occur on axis, and the pattern continues to broaden and to become flatter
(within an allowable ripple) until the maximum returns on axis. The process continues
indefinitely.

An observation of the E-plane pattern, as given by (13-12a)—(13-12d), indicates
that the magnitude of the normalized pattern, excluding the factor (1 + cos@), can be
written as

Egn = F (1, 13) = [C(t5) — C(1))] — j[S(t3) — S(1))] (13-14a)
2
t = - (—ﬁ — P sine) =2, i [—l ! (810;)\) <ﬁ sin9>:|
01 2 8101 4\ b A
_ 1 /1N (b .
=25 [—1 -3 <;> (7 s1n9):| (13-14b)
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Figure 13.5 E-plane patterns of E-plane sectoral horn for constant length and different
included angles.

k b, . b]2 1 (8p1A by .
QY S (et 0)=2/—1 |1-= Lsing
4 o (2 o1 sin ) Sn i\ - sin
1/1\ (b
=25 [1 -3 <;> (71 sin9>i| (13-14c¢)

b2
§ = — (13-144)
8rp1

For a given value of s, the field of (13-14a) can be plotted as a function of b; /X sin 6, as

shown in Figure 13.6 for s = L, 1 113 "and 1. These plots are usually referred to
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Figure 13.6 E-plane universal patterns for E-plane sectoral and pyramidal horns.

as universal curves, because from them the normalized E-plane pattern of any E-plane
sectoral horn can be obtained. This is accomplished by first determining the value of
s from a given b; and p; by using (13-14d). For that value of s, the field strength (in
dB) as a function of (b;/)\)siné (or as a function of 8 for a given b;) is obtained from
Figure 13.6. Finally the value of (1 4 cos#), normalized to 0 dB and written as 20
log,o[(1 4 cos 6)/2], is added to that number to arrive at the required field strength.

Example 13.2
An E-plane horn has dimensions of a = 0.5A, b = 0.25A, by = 2.75A, and p; = 6A. Find
its E-plane normalized field intensity (in dB and as a voltage ratio) at an angle of 6§ = 90°
using the universal curves of Figure 13.6.
Solution: Using (13-14d)

»? (2.75)* 1
§=— = =0.1575 ~ —
8Ap; 8(6) 6.3
None of the curves in Figure 13.6 represents s = 6% Therefore interpolation will be used
between the s = % and s = % curves.
At 6 =90°

b
71 sin(0) = 2.75sin(90°) = 2.75

and at that point the field intensity between the s = % and s = é curves is about —20 dB.

Therefore the total field intensity at & = 90° is equal to

1 + cos90°

Ey = =20 + 201og;, ( >

):—20—6:—26dB

or as a normalized voltage ratio of
Ey =0.05

which closely agrees with the results of Figure 13.4.




E-PLANE SECTORAL HORN 751

13.2.3 Directivity

The directivity is one of the parameters that is often used as a figure of merit to
describe the performance of an antenna. To find the directivity, the maximum radiation

is formed. That is,
2

.
Unax = U (0, §)lmax = Z|E|ﬁm (13-15)

For most horn antennas |E|n.x is directed nearly along the z-axis (8 = 0°). Thus,

2a/7kp
Bl = \/1Eo Ry + | EgBy = —2 P B |F (1) (13-16)
T°r
Using (13-11b), (13-11c), and (13-9c)
a7k
|Eolmax = P B, sin g F (1)) (13-16a)
T“r
a7k,
|Eplnas = LI cos g F (1) (13-16b)
Tr
F@)=[C#) — jS®)] (13-16¢)
b | k by
f=— = = (13-16d)
2V o 2001
since
ke =k, =0 (13-16¢)
b | k by
! 2 TP «/2)\,01 ( f)
hetr=l [ K _ b (13-16g)
:T T2\ 2Ap01 &
C(—1) = —C(1) (13-16h)
S(—t) = —S(t) (13-16i)
Thus 5 ik
r a“kp
Unix = 5Bl = —— | EFIFOF
n nmw
4a2p, |E
- p1|21| |F ()2 (13-17)
NAT
where
|F(@))? = [c2< by )+Sz< by )} (13-17a)
v 2hpi V20p1

The total power radiated can be found by simply integrating the average power
density over the aperture of the horn. Using (13-1a)—(13-1d)
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+b1/2 ptal2 -
Prg = // Re(E x H'™) - ds f |E4|? cos? (—x’) dx' dy’
—b1/2 J—aj2 a
(13-18)
which reduces to
bla
rad — |E1| _7) (]3-18&)

Using (13-17) and (13-18a), the directivity for the E-plane horn can be written as

4 U, 64
DE= 7T Umax — a,01|F(t)|2
Prad JT)»bl

(13-19)

s e () o ()]
- TAb; 2)»/)1 2)»/)1

The overall performance of an antenna system can often be judged by its beamwidth
and/or its directivity. The half-power beamwidth (HPBW), as a function of flare angle,
for different horn lengths is shown in Figure 13.7. In addition, the directivity (normal-
ized with respect to the constant aperture dimension a) is displayed in Figure 13.8. For
a given length, the horn exhibits a monotonic decrease in half-power beamwidth and
an increase in directivity up to a certain flare. Beyond that point a monotonic increase
in beamwidth and decrease in directivity is indicated followed by rises and falls. The
increase in beamwidth and decrease in directivity beyond a certain flare indicate the
broadening of the main beam.

If the values of b; (in A), which correspond to the maximum directivities in Figure 13.8,
are plotted versus their corresponding values of p; (in 1), it can be shown that each
optimum directivity occurs when

b1 >~ /2Ap (13-19a)

with a corresponding value of s equal to

b2
Slblz\/z)"pIZSOp:—l =

1
— 13-19b
8001 |y i 4 ( )

The classic expression of (13-19) for the directivity of an E-plane horn has been
the standard for many years. However, it has been shown that this expression may not
always yield very accurate values for the on-axis directivity. A more accurate expres-
sion for the maximum on-axis directivity based on an exact open-ended parallel-plate
waveguide analysis has been derived, and it yields a modification to the on-axis value of
(13-19), which provides sufficient accuracy for most designs [12], [13]. Using (13-19a),
the modified formula for the on-axis value of (13-19) can be written as [12], [13]

ma ., A
DE(max)=&[c2( b >+S2( b )]ek<l kg> (13-19¢)

A2(1+ Ag/A) V201 V21
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Figure 13.7 Half-power beamwidth of E-plane sectoral horn as a function of included angle
and for different lengths.

where A, is the guide wavelength in the feed waveguide for the dominant TE;y mode.
Predicted values based on (13-19) and (13-19¢) have been compared with measure-
ments and it was found that (13-19c) yielded results which were closer to the measured
values [12].

The directivity of an E-plane sectoral horn can also be computed by using the
following procedure [14].

1. Calculate B by
by | 50
B =

13-20.
A\ pe/r ( Y

2. Using this value of B, find the corresponding value of G from Figure 13.9. If,
however, the value of B is smaller than 2, compute G g using

32
Gg=—8B (13-20b)
b4
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for the Design of Electromagnetic Horns,” IRE Trans. Antennas Propagat., Vol. AP-4, No. 1,
January 1956. © 1956 IEEE)
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3. Calculate Dy by using the value of G from Figure 13.9 or from (13-20b). Thus

Compute the directivity using (13-19) and (13-20c). Compare the answers.

Solution: For this horn
b, 2.75
=———=0.794

V2hp1 2(6)

Therefore (from Appendix IV)

[C(0.794)]> = (0.72)> = 0.518
[S(0.794)]% = (0.24)* = 0.0576

Using (13-19)

_ 64(0.5)6

Dy = (0.518 + 0.0576) = 12.79 = 11.07 dB
2.75m

2.75\2
Do = [ (6)2 + (T) = 6.1555)

50 50
= /—— =285
oe/%  V 6.1555

B =2.75(2.85) =7.84

For B =7.84, Gg = 73.5 from Figure 13.9. Thus, using (13-20c)

_0.5(73.5)

E = =12.89 =11.10 dB
2.85

Obviously an excellent agreement between the results of (13-19) and (13-20c).

An E-plane sectoral horn has dimensions of a = 0.5A, b = 0.25A, b; = 2.75X, and p; = 6.

To compute the directivity using (13-20c), the following parameters are evaluated:

a GE
Dp = —
A [ 50 (13-20c)
Pe/r
Example 13.3

13.3 H-PLANE SECTORAL HORN

Flaring the dimensions of a rectangular waveguide in the direction of the H-field, while
keeping the other constant, forms an H-plane sectoral horn shown in Figure 13.1(b).

A more detailed geometry is shown in Figure 13.10.
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(a) H-plane sectoral horn

_.{

a

F

(b) H-plane view

Figure 13.10 H-plane sectoral horn and coordinate system.

The analysis procedure for this horn is similar to that for the E-plane horn, which
was outlined in the previous section. Instead of including all the details of the formu-
lation, a summary of each radiation characteristic will be given.

13.3.1 Aperture Fields

The fields at the aperture of the horn can be found by treating the horn as a radial wave-
guide forming an imaginary apex shown dashed in Figure 13.10. Using this method,
it can be shown that at the aperture of the horn

E,=H,=0 (13-21a)

.7T : ’
E(x") = E;cos (—x/) eIk (13-21b)
a
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E -
H!(x') = — = cos (1;/) AR (13-21c¢)
n aj
1 22
Sy = = [ (13-21d)
2\ p
02 = Pp COS Yy (13-21e)

13.3.2 Radiated Fields

The fields radiated by the horn can be found by first formulating the equivalent current
densities J; and M;. Using (13-21a)—(13-21c), it can be shown that over the aperture
of the horn

Jo=J.=M,=M,=0 (13-22a)
E T ar
Jy = —=2cos (—x/> e IR (13-22b)
n aj
_ T\ =ik
M, = Eycos| —x' |e (13-22¢)
aj

and they are assumed to be zero elsewhere. Thus (12-12a) can be expressed as

.y E
Ny = / / T, cos 6 cos pe MV ds' = — 2 cos O sin g1, 1, (13-23)
g n
where
. (kb ..
+b)2 sin | = sin 0 sin ¢
I, :/ e+jky’sin9 sin ¢ dy/ —b (13-232)
—b)2 KD indsi
2 sin 6 sin ¢
+a/2 T . .
L= / cos (—x’) e~ IHBGD=x'sinfeos ¢l g1 (13-23b)
—a1/2 a
By rewriting cos[(;t/a;)x’] as
jr/anx’ —j(@/a)x’
cos <1x’> = |:e te :| (13-24)
ay 2
(13-23b) can be expressed as

L=0L+1 (13-25)

where

/ 1 [mps j (K2 p2/2k) / / . / /

I =5\ =/ @) = Capl = jIS() — ST (13-26)

=] ! ki 13-26
1 — 7Tk,02 2 xloz ( - a)
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A L G 13-26b
2 = 7Tk,02 2 x,02 ( - )

K. = ksin6 cos ¢ + (13-26¢)
a
” 1 T2 ik p, ” " . ” ”
1y = 5\ ) — Cal = IS @) — S (13-27)

I k
== K kY p2 (13-27a)
ko, 2
1 ka]
l// — _ k// -
] /—nkp2 (+ 5 sz> (13-27b)

k" = k'sin6 cos ¢ —
” sin 6 cos ¢ a (13-27¢)

C(x) and S(x) are the cosine and sine Fresnel integrals of (13-8c) and (13-8d), and
they are well tabulated (see Appendix IV).

With the aid of (13-23a), (13-25), (13-26), and (13-27), (13-23) reduces to

b 0 si inY . A
Ny = —E,2 [TF2 {MS‘“ [\ F(t], 1)) + e F (1], zg)]} (13-28)
2V k n Y
F(t1, 1) = [C() — C(t1)] — jIS(2) — S(11)] (13-28a)
k/2p2
— M 13-28b
S T ( )
k//ZIO2
= X< 13-28
12 K ( c)
kb . .
Y = > sin @ sin ¢ (13-28d)

In a similar manner, Ny, Ly, and Ly of (12-12b)—(12-12d) can be written as

b inY .. .
Ny=—F: /%{Coj"’s‘; [lelFo{,tg)+eff2F<t{cr;>1} (13-292)
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(13-29¢)

b iny )

Lo =23 %{cos@cosd)%[e"f‘F(Ii,té)+e’f2F(t{/,t§/)]} (13-29b)
b [mpy | . sinY if ) ’o if > "o

L¢=—E2§ - sin ¢ v [/ F(t], 1) + €2 F (1], t))]

The far-zone electric field components of (12-10a)—(12-10c) can then be expressed as

E =0

x {sin¢(1 +cos9)%[e1f1F(r;,t§) + el Ft)

, tﬁ’)]}

x {cos¢(cos9 + 1)%{%11?(:;, 1) + el F(t], zg)]}

The electric field in the principal E- and H-planes reduces to

E -Plane (¢ = /2)

E, =E;=0

kb .
Y = —sinf
2
k. =—
al
T
K=
X a

H -Plane (¢ = 0)

E,=Ey=0

b [kp, e 7%
Ey=jE,— | —
¢=J V7

x {(1 n cose)%[edle(t;, £) + el F(t

x {(cos® + D[/ 1 F(t], 1)) + el F (1, 1)1}

(13-30a)

(13-30b)

(13-30c)

(13-31a)

: té’H}
(13-31b)

(13-31c)
(13-31d)

(13-31e)

(13-32a)

(13-32b)
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. T
k; =ksinf + — (13-32¢)
a
. T
k! =ksinf — — (13-32d)
aj

with fi, fo, F(t], 1), F(t], 1)), 1], t;, 1/, and ¢ as defined previously.

Computations similar to those for the E-plane sectoral horn were also performed
for the H-plane sectoral horn. A three-dimensional field pattern of an H-plane sectoral
horn is shown in Figure 13.11. Its corresponding E- and H-plane patterns are displayed
in Figure 13.12. This horn exhibits narrow pattern characteristics in the flared H-plane.

Normalized H-plane patterns for a given length horn (p, = 121) and different flare
angles are shown in Figure 13.13. A total of four patterns is illustrated. Since each
pattern is symmetrical, only half of each pattern is displayed. As the included angle
is increased, the pattern begins to become narrower up to a given flare. Beyond that
point the pattern begins to broaden, attributed primarily to the phase taper (phase error)
across the aperture of the horn. To correct this, a lens is usually placed at the horn
aperture, which would yield narrower patterns as the flare angle is increased. Similar

pattern variations are evident when the flare angle of the horn is maintained fixed while
its length is varied.
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Figure 13.11 Three-dimensional field pattern of an H-plane sectoral horn (p; = 6A, a; = 5.54,
b =0.251).



H-PLANE SECTORAL HORN 761

P2 =6Nay = 5.5\ TS
a= 0.5\ b= 0.25\

— [{-plane — T

:\b = 49.250 <:/ 2 aa

——— —— [-plane " AM’ -{ $l
[«—P2

Figure 13.12 E- and H-plane patterns of H-plane sectoral horn.

The universal curves for the H-plane sectoral horn are based on (13-32b), in the
absence of the factor (1 4 cos#). Neglecting the (1 4+ cos8) factor, the normalized
H -plane electric field of the H-plane sectoral horn can be written as

Egn =/ F(t], 15) + €2 F (1], 1;)] (13-33)
F(t1,1) = [C(t) — C(t)] — j[S(t2) — S(11)] (13-33a)
_ k?pa _ P . 7\’
fi= TR (ksm@—l— a)

_ T 1 ap . 2 1 A :
) <;> (T s1n0) |:1 + 2 (m sin@)] (13-336)
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Figure 13.13 H-plane patterns of H-plane sectoral horn for constant length and different
included angles.

K2y po 7\’
= X =~ ksin® — —
e TR TS ( - a1>

—”(1 D ing) |1 1( . )T (13-33¢)
~ 8 ;)(Tsm ) |: 2 a; sinf e
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NG [—1 — % G) (% sine) _ % (;)] (13-33d)

— /i [+1 - % (;) (% sine) - % G)] (13-33¢)

—2Vi [—1 . % (;) (‘;—‘ sine) + % G)] (13-33f)

11\ sar . 1 /1
=21 [+1 -7 (;> (7 51n9> 3 <;)] (13-33g)

t=—— (13-33h)

For a given value of ¢, as given by (13-33h), the normalized field of (13-33) is plotted
in Figure 13.14 as a function of (a;/A)sin6 for t = ﬁ, %, %, %, % and 1. Follow-
ing a procedure identical to that for the E-plane sectoral horn, the H-plane pattern
of any H-plane sectoral horn can be obtained from these curves. The normalized
value of the (1 4 cosf) factor in dB, written as 20 log,,[(1 4 cos8)/2], must also

be included.

13.3.3 Directivity

To find the directivity of the H-plane sectoral horn, a procedure similar to that for the
E-plane is used. As for the E-plane sectoral horn, the maximum radiation is directed
nearly along the z-axis (9 = 0°). Thus

b 2/)2 . ’ ” ’
[Ep|max = |E2|E T' sin{[C(ry) + C(ry) — C (1))

= CU] = jIS@y) + S(1) — St)) — S| (13-34)
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Figure 13.14 H-plane universal patterns for H-plane sectoral and pyramidal horns.

Since

ka T
3 a P2
+ka T
2 a P2
ka1 b
2 a P2
ka  ®
5 ar P2
C(—x) =—-C(x)
S(—x) = —=S(x)

b
|Eglmax = |E2|;\/§| sinp{[C () — C(v)] = jISu) — S)]}|

— ¢ —
u—tz—

[ 1
Hh=[]—
" whoo <+

— t-/_ 1
T kpa

kal

2

ka]
2

T
— P2
ai

T
— P2
al

>=
)=

1

2
1

V2

(
(

APy

ai

VA2

ai

ai

+
VA2

ai

N Ap2

(13-34a)
(13-34b)
(13-34c)

(13-34d)

(13-35a)
(13-35b)

(13-36)
) (13-36a)

) (13-36b)
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Similarly

b
|Eglmax = |E2|;\/g | cos p{[C(u) — C()] — j[Sw) — S} (13-37)

Thus

b
Bl = y/1Eo Ry + 1 Eol2y = |Ez|;,/§—i{[cw> — CP +[S@) - SWP}'?
(13-38)
bl

Umax = IEzlzﬁ{[C(u) — CWP +[Sw) — S} (13-39)

The total power radiated can be obtained by simply integrating the average power
density over the mouth of the horn, and it is given by

b
Prag = |E2|2% (13-40)
n

Using (13-39) and (13-40), the directivity for the H-plane sectoral horn can be writ-
ten as

AnUnax 4mh
Dy = 22t = PO ((Cu) — COP+[S@) — SP) | (13-41)
Praa ari
where
1 (Vap a
_ﬁ( ot Am) (13-41a)
_ (S a _
B ﬁ( aj x/)v_,Oz) (13-410)

The half-power beamwidth (HPBW) as a function of flare angle is plotted in Figure 13.15.
The normalized directivity (relative to the constant aperture dimension b) for different
horn lengths, as a function of aperture dimension a, is displayed in Figure 13.16. As for
the E-plane sectoral horn, the HPBW exhibits a monotonic decrease and the directivity
a monotonic increase up to a given flare; beyond that, the trends are reversed.

If the values of a; (in X), which correspond to the maximum directivities in
Figure 13.16, are plotted versus their corresponding values of p, (in A), it can be
shown that each optimum directivity occurs when

a; =~ /3\0; (13-41¢)
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Figure 13.15 Half-power beamwidth of H-plane sectoral horn as a function of included angle
and for different lengths.

with a corresponding value of ¢ equal to

2
a

t|a1=«/3)npz =lop = 8)»,02

3
= (13-41d)
a1:4/3kp2 8

The directivity of an H-plane sectoral horn can also be computed by using the
following procedure [14].

1. Calculate A by

(5] 50
" (13-42a)
A ph/)‘
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Figure 13.16 Normalized directivity of H-plane sectoral horn as a function of aperture size
and for different lengths.

2. Using this value of A, find the corresponding value of Gy from Figure 13.17.
If the value of A is smaller than 2, then compute G g using

32
—A
b4

Gy = (13-42b)

3. Calculate Dy by using the value of Gy from Figure 13.17 or from (13-42b).
Thus

b Gn
. [30 (13-42¢)
Pr/A

Dy =

:

This is the actual directivity of the horn.
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Figure 13.17 Gy as a function of A. (source: Adopted from data by E. H. Braun, “Some Data
for the Design of Electromagnetic Horns,” IRE Trans. Antennas Propagat., Vol. AP-4, No. 1,
January 1956. © 1956 IEEE)

Example 13.4
An H-plane sectoral horn has dimensions of @ = 0.5x, b = 0.25X, a; = 5.5, and p, = 6A.
Compute the directivity using (13-41) and (13-42c). Compare the answers.
Solution: For this horn

_ L (Y6, 55)

1 (V6 55
v=— (E_%> =-1273

Therefore (from Appendix IV)

C(1.9) =0.394
C(—1.273) = —C(1.273) = —0.659
S$(1.9) =0.373

S(—1.273) = —S(1.273) = —0.669
Using (13-41)

_ 47(0.25)6
H=""55
Dy =17.52 = 8.763 dB

[(0.394 + 0.659) + (0.373 + 0.669)*]
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To compute the directivity using (13-42c), the following parameters are computed:

on = A/ (6)% + (5.5/2)> = 6.61
| 50 / 50
— =,/ — =2.7524
ph/)\ 6.6

A =55(2.7524) = 15.14

For A = 15.14, Gy = 91.8 from Figure 13.17. Thus, using (13-42c)

_0.25(91.8)

H = =8.338 =9.21 dB
2.7524

Although there is a good agreement between the results of (13-41) and (13-42c), they do
not compare as well as those of Example 13.3.

13.4 PYRAMIDAL HORN

The most widely used horn is the one which is flared in both directions, as shown in
Figure 13.18. It is widely referred to as a pyramidal horn, and its radiation character-
istics are essentially a combination of the E- and H-plane sectoral horns.

13.4.1 Aperture Fields, Equivalent, and Radiated Fields

To simplify the analysis and to maintain a modeling that leads to computations that
have been shown to correlate well with experimental data, the tangential components
of the E- and H-fields over the aperture of the horn are approximated by

E)(x',y') = Eycos (15) e /WO 0 2] (13-43a)
aj
HI () = — 22 cos (lx/) e/ ot o0 2] (13-43b)
n aj

and the equivalent current densities by
Eo T o ” 7]
L, y) = ——cos [ —=x") e J(x"/p2+y"/p1)/2] (13-44a)
' n ai

M, (x',y") = Eqcos (lx’> e I 2 (3-44b)
a

The above expressions contain a cosinusoidal amplitude distribution in the x" direction
and quadratic phase variations in both the x” and y’ directions, similar to those of the
sectoral E- and H-plane horns.
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RS

(¢) H-plane view

Figure 13.18 Pyramidal horn and coordinate system.

The Ny, Ny, Lg and Ly can now be formulated as before, and it can be shown that
they are given by

E
Ny = —— cosOsingl, I, (13-45a)
n

E
Ny =——2cospl 1 (13-45b)
n
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Ly = EgcosOcospliI, (13-45¢)
L¢ = —EO sin¢1112 (13-45(1)

where +a1/2 T
L = f cos (—x’) e IKx®/ Qo) —x'sinfeosp] 71 (13-45¢)

—ai /2 a

+b1/2
I, = / o~k /@p1)—y'sinfsing] dy' (13-45f)
—b1/2

Using (13-23b), (13-25), (13-26), and (13-27), (13-45e) can be expressed as

1 -
L=3 %(6’("* 2PO([C(15) — CD] = j[S() — SN}
(13-46)

+ el &ERPOC @) — Ct)] = JIS@E) — SaI)

where t1, 1}, k., t, ¢}, and k are given by (13-26a)—(13-26¢) and (13-27a)—(13-27c).
Similarly, using (13-5)—(13-8d), I; of (13-45f) can be written as

L= ,/%eﬂ"fﬂ'ﬂ“{[cuz) — ()] — jIS(t) — S} (13-47)

where ky, t1, and 1, are given by (13-5a), (13-8a), and (13-8b).
Combining (13-45a)—(13-45d), the far-zone E- and H-field components of
(12-10a)—(12-10c) reduce to

P (13-482)
jkr
Eg=—j i [Ly + nNe]
kEge ik
_ J?[smqﬁ(l +cos0)I 1] (13-48b)
—jkr
Ep = +j———ILo = 11Ny]
- j%[cosc]ﬁ(cos@ + D11 12] (13450

where /; and I, are given by (13-46) and (13-47), respectively.
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Figure 13.19 Three-dimensional field pattern of a pyramidal horn (p; = p, = 6A, a; = 5.54,
by =2.751, a = 0.51, b = 0.25)).

The fields radiated by a pyramidal horn, as given by (13-48a)—(13-48c), are valid for
all angles of observation. An examination of these equations reveals that the principal
E-plane pattern (¢ = 7 /2) of a pyramidal horn, aside from a normalization factor, is
identical to the E-plane pattern of an E-plane sectoral horn. Similarly the H-plane
(¢ = 0) is identical to that of an H-plane sectoral horn. Therefore the pattern of a
pyramidal horn is very narrow in both principal planes and, in fact, in all planes.
This is illustrated in Figure 13.19. The corresponding E-plane pattern is shown in
Figure 13.4 and the H-plane pattern in Figure 13.12.

To demonstrate that the maximum radiation for a pyramidal horn is not necessarily
directed along its axis, the three-dimensional field pattern for a horn with p; = p, =
6X, a; = 12A, by = 64, a = 0.50% and b = 0.251 is displayed in Figure 13.20. The
corresponding two-dimensional E- and H-plane patterns are shown in Figure 13.21.
The maximum does not occur on axis because the phase error taper at the aperture is
such that the rays emanating from the different parts of the aperture toward the axis
are not in phase and do not add constructively.

To physically construct a pyramidal horn, the dimension p, of Figure 13.18(b)

given by
2 1/2
= (b; — b) Pe) _ l (13-49a)
Pe = (01 by 2
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Figure 13.20 Three-dimensional field pattern of a pyramidal horn with maximum not on axis
(p1 = p2 = 6A, a; = 124, by = 6X, a = 0.5, b = 0.251).

should be equal to the dimension p, of Figure 13.18(c) given by

1/2

2
pn = (a) — a) (@) ! (13-49b)
aq 4

The dimensions chosen for Figures 13.19 and 13.20 do satisfy these requirements. For
the horn of Figure 13.19, p, = 6.1555A, p;, = 6.6\, and p, = p, = 5.4544), whereas
for that of Figure 13.20, p, = 6.7082X, p, = 8.4853A, and p, = p, = 5.75X. The fields
of (13-48a)—(13-48c) provide accurate patterns for angular regions near the main lobe
and its closest minor lobes. To accurately predict the field intensity of the pyra-
midal and other horns, especially in the minor lobes, diffraction techniques can be
utilized [15]-[18]. These methods take into account diffractions that occur near the
aperture edges of the horn. The diffraction contributions become more dominant in
regions where the radiation of (13-48a)—(13-48c¢) is of very low intensity.

In addition to the previous methods, the horn antenna has been examined using full-
wave analyses, such as the Method of Moments (MoM) [8] and the Finite-Difference
Time-Domain (FDTD) [19]. These methods yield more accurate results in all regions,
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Figure 13.21 E- and H-plane amplitude patterns of a pyramidal horn with maximum not on
axis.

and they are able to include many of the other features of the horn, such as its wall
thickness, etc. Predicted patterns based on these methods compare extremely well with
measurements, even in regions of very low intensity (such as the back lobes). An
example of such a comparison is made in Figure 13.22(a, b) for the E- and H-plane
patterns of a 20-dB standard-gain horn whose Method of Moment predicted values
are compared with measured patterns and with predicted values based on (13-48a) and
(13-48c), which in Figure 13.22 are labeled as approximate. It is apparent that the
MoM predicted patterns compare extremely well with the measured data.

All of the patterns presented previously represent the main polarization of the field
radiated by the antenna (referred to as copolarized or copol). If the horn is symmetrical
and it is excited in the dominant mode, ideally there should be no field component
radiated by the antenna which is orthogonal to the main polarization (referred to
as cross polarization or cross-pol), especially in the principal planes. However, in
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Figure 13.22 Comparison of E- and H-plane patterns for 20-dB standard-gain horn at 10 GHz.

practice, either because of nonsymmetries, defects in construction and/or excitation
of higher-order modes, all antennas exhibit cross-polarized components. These cross-
pol components are usually of very low intensity compared to those of the primary
polarization. For good designs, these should be 30 dB or more below the copolarized
fields and are difficult to measure accurately or be symmetrical, as they should be in

some cases.
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13.4.2 Directivity

As for the E-and H -plane sectoral horns, the directivity of the pyramidal configuration
is vital to the antenna designer. The maximum radiation of the pyramidal horn is
directed nearly along the z-axis (6 = 0°). It is a very simple exercise to show that
|Eg|max> | E¢lmax> and in turn Upax can be written, using (13-48b) and (13-48c¢), as

VP2 ) — C)P + [SU) — S22

x{c2< bi )+52< b )}1/2 (13-50a)
v 2hp1 v 2hp1
Vs

|E0|max - |E0 Sln¢|

{[Cw) — CW)* +[Su) — SW)I*}'/?

x{cz( bi )+52( bi )}1/2 (13-50b)
v 2hpi V20p1

2,0102

|E¢|max - |E0 cos ¢|

Unax IEI = |Eo> 5—{[C) — C)I* + [Sw) — S()I}

max ~

2 b 2 b -
X{C<¢ﬂa>+s<¢ﬂa>} (13509

where u and v are defined by (13-41a) and (13-41b).
Since
saib

Prg = |E0| 477 (13-51)

the directivity of the pyramidal horn can be written as

A7 Umax 870102

_ _ B ) - .
DP B Prad B Cllbl {[C(u) C(U)] +[S(u) S(U)] }
(13-52)
X{C2< bl >+S2< bl )}
Ne V2P
which reduces to
2
Dr= %DEDH (13-52a)

where Dg and Dy are the directivities of the E- and H-plane sectoral horns as given
by (13-19) and (13-41), respectively. This is a well-known relationship and has been
used extensively in the design of pyramidal horns.
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The directivity (in dB) of a pyramidal horn, over isotropic, can also be approxi-
mated by

b
D,(dB) = 10 [1.008 +log,, (%)} — (L + Ly) (13-53)

where L, and Lj represent, respectively, the losses (in dB) due to phase errors in the
E- and H-planes of the horn which are found plotted in Figure 13.23.
The directivity of a pyramidal horn can also be calculated by doing the follow-

ing [14].
Azl |30 (13-54a)
A\ on/r

(13-54b)

1. Calculate

Loss figures due to phase error (dB)

0 0.2 0.4 0.6 0.8 1.0

Maximum aperture phase error (¢, s: wavelengths)

Figure 13.23 Loss figures for E- and H-planes due to phase errors. (source: W. C. Jakes, in
H. Jasik (ed.), Antenna Engineering Handbook, McGraw-Hill, New York, 1961).
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2. Using A and B, find Gy and G, respectively, from Figures 13.17 and 13.9. If
the values of either A or B or both are smaller than 2, then calculate G g and/or

Gr=—B8B (13-54c¢)
T
32

Gy = ;A (13-54d)

3. Calculate D, by using the values of Gg and Gy from Figures 13.9 and 13.17
or from (13-54c¢) and (13-54d). Thus

D. — GEGH GEGH
)=
50 50 50 [ 50
= / [——  10.1859,/ [—
Pe/AN pn/A Pe/ AN pn/A (13-54¢)
2T p.D
= 32ap ETM

where Dy and Dy are, respectively, the directivities of (13-20c) and (13-42c).
This is the actual directivity of the horn. The above procedure has led to results
accurate to within 0.01 dB for a horn with p, = p, = 50A.

A commercial X-band (8.2—12.4 GHz) horn is that shown in Figure 13.24. It is a
lightweight precision horn antenna, which is usually cast of aluminum, and it can be
used as a

A= 5& in. (12.86 cm)

B= % in. (7.86 cm)

=21 in. (5.95 cm)

r——ﬂfcﬂ
H | T

Typical calibration

27 T
= 16 ———
g 15 |

8.0 9.0 10.0 11.0 12.0 12.4

Frequency—GHz

Figure 13.24 Typical standard gain X-band (8.2—12.4 GHz) pyramidal horn and its gain char-
acteristics. (Courtesy of The NARDA Microwave Corporation).
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Figure 13.25 Gains of the pyramidal horn which were measured, computed, and provided by
the manufacturer. The amplitude patterns of the horn are shown in Figure 13.22.

standard for calibrating other antennas
feed for reflectors and lenses
pickup (probe) horn for sampling power

b

receiving and/or transmitting antenna.

It possesses an exponential taper, and its dimensions and typical gain characteristics
are indicated in the figure. The half-power beamwidth in both the E- and H-planes is
about 28° while the side lobes in the E- and H-planes are, respectively, about 13 and
20 dB down.

Gains of the horn antenna which were measured, predicted, and provided by the
manufacturer, whose amplitude patterns are shown in Figure 13.22, are displayed in
Figure 13.25. A very good agreement amongst all three sets is indicated.

Example 13.5

A pyramidal horn has dimensions of p; = p, = 6A, a; = 5.5A, by = 2.75A, a = 0.5A, and
b = 0.25A.

a. Check to see if such a horn can be constructed physically.
b. Compute the directivity using (13-52a), (13-53), and (13-54e).

Solution: From Examples 13.3 and 13.4.

Pe = 6.1555A
Ph = 6.6\
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Thus
= 275025 (81223 1 s
o == : 275 4=
= 55— 0502 Tl s
[Pl = ek = 8 55) "47 7

Therefore the horn can be constructed physically.

The directivity can be computed by utilizing the results of Examples 13.3 and 13.4. Using
(13-52a) with the values of Dg and Dy computed using, respectively, (13-19) and (13-41)
gives

A2

D,=—— 12.79)(7.52) = 75.54 = 18.78 dB
"= 30b ( 9)(7.52) 5.5 8.78

DeDu = 3505025

Utilizing the values of Dg and Dy computed using, respectively, (13-20c) and (13-42c),
the directivity of (13-54e) is equal to

A2

T
D, = -~ DyDy = ———(12.89)(8.338) = 84.41 = 19.26 dB
P Bpap ETH 32(0.5)0.25( )(8.338)
For this horn
b (275)?
s= L = 0.1575
8101 8(6)
z 5.5)2
a_ _ B3 _ e

= =
8Ap2 8(6)

For these values of s and ¢
Lr =0.20 dB

Ly =2.75dB

from Figure 13.23. Using (13-53)
D, = 10{1.008 + log,,[5.5(2.75)]} — (0.20 + 2.75) = 18.93 dB

The agreement is best between the directivities of (13-52a) and (13-53).

A MATLAB and FORTRAN computer program entitled Pyramidal Horn-Analysis
has been developed to analyze the radiation characteristics of a pyramidal horn and
the directivities of the corresponding E- and H-plane sectoral horns. The program and
the READ ME file are found in the CD attached to the book.

13.4.3 Design Procedure

The pyramidal horn is widely used as a standard to make gain measurements of other
antennas (see Section 17.4, Chapter 17), and as such it is often referred to as a standard
gain horn. To design a pyramidal horn, one usually knows the desired gain G, and
the dimensions a, b of the rectangular feed waveguide. The objective of the design is
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to determine the remaining dimensions (ay, by, p., pn, P., and Pj,) that will lead to an
optimum gain. The procedure that follows can be used to accomplish this [2], [3].

The design equations are derived by first selecting values of b, and a; that lead,
respectively, to optimum directivities for the E- and H-plane sectoral horns using
(13-19a) and (13-41c). Since the overall efficiency (including both the antenna and
aperture efficiencies) of a horn antenna is about 50% [2], [3], the gain of the antenna
can be related to its physical area. Thus it can be written using (12-39c¢), (12-40), and
(13-19a), (13-41c) as

14n 2w 2
Gy = §F(albl) = F\/%pz\/%p] ~ F\/&\pm/zxpe (13-55)
since for long horns p; >~ p, and p; =~ p.. For a pyramidal horn to be physically
realizable, P, and P;, of (13-49a) and (13-49b) must be equal. Using this equality, it
can be shown that (13-55) reduces to

2 22
(Jz_— %) Qx—1= (@ SR 3) <ﬂl - 1) (13-56)

2n N 2 /X A 673 x
where
pe_
by (13-56a)
e ()
A 8w \x (13-56b)

Equation (13-56) is the horn-design equation.

1. As a first step of the design, find the value of x which satisfies (13-56) for a
desired gain G, (dimensionless). Use an iterative technique and begin with a
trial value of

Go

(trial) = 1 = —— (13-57)
X X 2wA/21

2. Once the correct x has been found, determine p, and p, using (13-56a) and
(13-56b), respectively.
3. Find the corresponding values of a; and b; using (13-19a) and (13-41c) or

Go | 3
a1 = /3hps = 3hpp = 2 [———» (13-58a)

2r\ 2w x
by = /2Ap1 = /240 = /2x A (13-58b)

4. The values of p, and p, can be found using (13-49a) and (13-49b).

A MATLAB and FORTRAN computer program entitled Pyramidal Horn-Design has
been developed to accomplish this, and it is included in the CD attached to the book.
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Example 13.6

Design an optimum gain X-band (8.2—12.4 GHz) pyramidal horn so that its gain (above
isotropic) at f = 11 GHz is 22.6 dB. The horn is fed by a WR 90 rectangular waveguide
with inner dimensions of @ = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 cm).

Solution: Convert the gain G, from dB to a dimensionless quantity. Thus

Go(dB) = 22.6 = 10log,, Go = Gy = 10*2° = 181.97
Since f = 11 GHz, A = 2.7273 cm and

a = 0.8382A
b = 0.3725A

1. The initial value of y is taken, using (13-57), as

181,97
X = 2wA/21

which does not satisfy (13-56) for the desired design specifications. After a
few iterations, a more accurate value is y = 11.1157.

2. Using (13-56a) and (13-56b)

= 11.5539

Pe = 11.11571 = 30.316 cm = 11.935 in.
pn = 12.00941 = 32.753 cm = 12.895 in.

3. The corresponding values of a; and b; are

a; = 6.002A = 16.370 cm = 6.445 in.
by =4.7151 = 12.859 cm = 5.063 in.

4. The values of p, and p;, are equal to
pe = pr = 10.005A = 27.286 cm = 10.743 in.

The same values are obtained using the computer program at the end of this chapter.

The derived design parameters agree closely with those of a commercial gain horn
available in the market. As a check, the gain of the designed horn was computed using
(13-52a) and (13-53), assuming an antenna efficiency e, of 100%, and (13-55). The

values were
Go >~ Dy =224 dB for (13-52a)

Go~ Dy =22.1dB for (13-53)
Go=22.5 dB for (13-55)

All three computed values agree closely with the designed value of 22.6 dB.




CONICAL HORN 783

The previous formulations for all three horn configurations (E-plane, H-plane, and
pyramidal) are based on the use of the guadratic phase term of (13-2b) instead of
the spherical phase term of (13-2a). This was necessary so that the integrations can
be performed and expressed in terms of cosine and sine Fresnel integrals. In order
to examine the differences using the spherical phase term instead of the quadratic,
especially as it relates to the directivity, a numerical integration was used in [20]. It
was found that the directivity of a pyramidal horn of Figure 13.18 using the spherical
phase term, instead of the quadratic

e is basically the same for
1. large aperture horns (a;, by > 501);
2. small peak aperture phase errors (S = p, — p; <02A 0or T = pj, — po < 0.24
of Figure 13.18).
o is slightly higher (more improved) by as much as 0.6 dB for
1. intermediate apertures
(5X <a; <8hor5A<b; <8A);
2. intermediate peak aperture phase errors
02 <S=p,—p1 <0.6L0r 021 <T = p, — p» < 0.6X of Figure 13.18).
e can be lower, especially for E-plane horns, for

1. large peak aperture phase errors
(S=p.—p1>061o0orT=p,—p,>0.61 of Figure 13.18).

13.5 CONICAL HORN

Another very practical microwave antenna is the conical horn shown in Figure 13.26.
While the pyramidal, E-, and H-plane sectoral horns are usually fed by a rectangular
waveguide, the feed of a conical horn is often a circular waveguide.

The first rigorous treatment of the fields radiated by a conical horn is that of Schorr
and Beck [21]. The modes within the horn are found by introducing a spherical coordi-
nate system and are in terms of spherical Bessel functions and Legendre polynomials.
The analysis is too involved and will not be attempted here. However data, in the

2 ‘& _____\<5:_’:’_/§4_ S
4 T~

Figure 13.26 Geometry of conical horn.
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ent axial horn lengths. (source: A. P. King, “The Radiation Characteristics of Conical Horn
Antennas,” Proc. IRE, Vol. 38, pp. 249-251, March 1950. © 1950 IEEE)

form of curves [22], will be presented which give a qualitative description of the
performance of a conical horn.

Referring to Figure 13.27, it is apparent that the behavior of a conical horn is similar
to that of a pyramidal or a sectoral horn. As the flare angle increases, the directivity
for a given length horn increases until it reaches a maximum beyond which it begins
to decrease. The decrease is a result of the dominance of the quadratic phase error at
the aperture. In the same figure, an optimum directivity line is indicated.

The results of Figure 13.27 behave as those of Figures 13.8 and 13.16. When the
horn aperture (d,,) is held constant and its length (L) is allowed to vary, the maxi-
mum directivity is obtained when the flare angle is zero (. = 0 or L = o0). This is
equivalent to a circular waveguide of diameter d,,. As for the pyramidal and sectoral
horns, a lens is usually placed at the aperture of the conical horn to compensate for its
quadratic phase error. The result is a narrower pattern as its flare increases.
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The directivity (in dB) of a conical horn, with an aperture efficiency of €,, and
aperture circumference C, can be computed using

dr Cc\’
D.(dB) = 10logyq | €~ (wa’) | = 10logjo | — ) —L(s) (13-59)

where a is the radius of the horn at the aperture and

L(s) = —10log;((€qp) (13-59a)

The first term in (13-59) represents the directivity of a uniform circular aperture whereas
the second term, represented by (13-59a), is a correction figure to account for the loss
in directivity due to the aperture efficiency. Usually the term in (13-59a) is referred to
as loss figure which can be computed (in decibels) using [2], [3]

L(s) ~ (0.8 — 1.71s + 26.25s> — 17.79s*) (13-59b)
where s is the maximum phase deviation (in wavelengths), and it is given by

d2

= m 13-
s S (13-59¢)

The directivity of a conical horn is optimum when its diameter is equal to

dy > /31N (13-60)

which corresponds to a maximum aperture phase deviation of s = 3/8 (wavelengths)
and a loss figure of about 2.9 dB (or an aperture efficiency of about 51%).

A summary of all the pertinent formulas and equation numbers that can be used to
compute the directivity of E-plane, H-plane, pyramidal, and conical horns is listed in
Table 13.1.

13.6 CORRUGATED HORN

The large emphasis placed on horn antenna research in the 1960s was inspired by the
need to reduce spillover efficiency and cross-polarization losses and increase aperture
efficiencies of large reflectors used in radio astronomy and satellite communications.
In the 1970s, high-efficiency and rotationally symmetric antennas were needed in
microwave radiometry. Using conventional feeds, aperture efficiencies of 50-60%
were obtained. However, efficiencies of the order of 75—-80% can be obtained with
improved feed systems utilizing corrugated horns.

The aperture techniques introduced in Chapter 12 can be used to compute the pattern
of a horn antenna and would yield accurate results only around the main lobe and the
first few minor lobes. The antenna pattern structure in the back lobe region is strongly
influenced by diffractions from the edges, especially from those that are perpendicular
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TABLE 13.1 Directivity Formulas and Equation Numbers For Horns

Horn Type Directivity Equation Number
E-plane
L= San [ (13-19)
TAb Q/ZAp] «/2)»,0]
E-plane
(alternate) D a B by (13-20c), (13-20a)
E=— ,B=-
A / 50 A /A
Pe/A
32 .
Gg=—_B ifB <2 (13-20b)
Gpg from Figure 139 if B>2 Figure 13.9
H-plane Arch
54
Dy = ” 2{Cw) = COIP +[S@) = SO (13-41)
u:L(V’V’Z L@ ) UZL(“” _ 4 ) (13-41a), (13-41b)
V2 \ a N Ap2 V2 \ a ~Ap2
H-plane
(alternate) b Gpg ap | 50 (13-42¢), (13-42a)
Dy = — A= —
A 50 ph/k
V on/x
32 .
GH=;A fA<2 (13-42b)
Gy from Figure 13.17 if A >?2 Figure 13.17
Pyramidal
w2 (13-52a),
= DgD
P 30ap FTH (13-19), (13-41)
Pyramidal
(alternate) D _ aiby 13-53
p(dB) =10 1.008 +log)o | =5 )| = (Le +Ln) (13-53)
L. Ly Figure 13.23
Pyramidal s
GG A
(alternate) Dp = _ JEVH  _ ﬁDEDH (13-54e), (13-52a)
32 | 50 50 a
i (13-20c), (13-42c¢)
Pe/2N on/A
Conical )
4 C
D.(dB) = 10log,, [S“I’TZ(”“Z)] = 10log,, (I) — L(s) (13-59)
L(s) = —10log,(eqp) =~ (0.8 — 1.71s +26.255> — 17.79s°) | (13-59a), (13-59b)
2
5= ;;g, d, ~ 308 (13-59¢), (13-60)
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to the E-field at the horn aperture. The diffractions lead to undesirable radiation not
only in the back lobes but also in the main lobe and in the minor lobes. However, they
dominate only in low-intensity regions.

In 1964, Kay [23] realized that grooves on the walls of a horn antenna would present
the same boundary conditions to all polarizations and would taper the field distribution
at the aperture in all the planes. The creation of the same boundary conditions on
all four walls would eliminate the spurious diffractions at the edges of the aperture.
For a square aperture, this would lead to an almost rotationally symmetric pattern
with equal E- and H-plane beamwidths. A corrugated (grooved) pyramidal horn, with
corrugations in the E-plane walls, is shown in Figure 13.28(a) with a side view in
Figure 13.28(b). Since diffractions at the edges of the aperture in the H-plane are
minimal, corrugations are usually not placed on the walls of that plane. Corrugations
can also be placed in a conical horn forming a conical corrugated horn, also referred to
in [23] as a scalar horn. However, instead of the corrugations being formed as shown
in Figure 13.29(a), practically it is much easier to machine them to have the profile
shown in Figure 13.29(b).

A photograph of a corrugated conical horn, often referred to as a scalar horn,
is shown in Figure 13.30. This type of a horn is widely used as a feed of reflector
antennas, especially of the Cassegrain (dual reflector) configuration of Figures 15.9
and 15.29.

a / 4
i ' -
| /
/ )
(a) Corrugated horn
; bT/Z
Ve
4 {
! W b2
\»/ /‘\* 1
T, @
{4

T

Figure 13.28 Pyramidal horn with corrugations in the E-plane.

(b) E-plane view
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Figure 13.29 Side view profiles of conical corrugated horns.

Figure 13.30 Corrugated conical (scalar) horn. (COURTESY: March Microwave Systems,
B.V., The Netherlands)
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To form an effective corrugated surface, it usually requires 10 or more slots (corru-
gations) per wavelength [24]. To simplify the analysis of an infinite corrugated surface,
the following assumptions are usually required:

1. The teeth of the corrugations are vanishingly thin.
2. Reflections from the base of the slot are only those of a TEM mode.

The second assumption is satisfied provided the width of the corrugation (w) is small
compared to the free-space wavelength () and the slot depth (d) (usually w < Ao/10).
For a corrugated surface satisfying the above assumptions, its approximate surface
reactance is given by [25], [26]

_ W Ko
X=0riV o kod (13-61)
when

Yoo 13-61
wHt (13-61a)

which can be satisfied provided r < w/10.

The surface reactance of a corrugated surface, used on the walls of a horn, must
be capacitive in order for the surface to force to zero the tangential magnetic field
parallel to the edge at the wall. Such a surface will not support surface waves, will
prevent illumination of the E-plane edges, and will diminish diffractions. This can
be accomplished, according to (13-61), if Ay/4 < d < Ap/2 or more generally when
2n + DXro/4 <d < (n+ 1)Ag/2. Even though the cutoff depth is also a function of
the slot width w, its influence is negligible if w < X¢/10 and A¢/4 < d < Ao/2.

The effect of the corrugations on the walls of a horn is to modify the electric field
distribution in the E-plane from uniform (at the waveguide-horn junction) to cosine
(at the aperture). Through measurements, it has been shown that the transition from
uniform to cosine distribution takes place almost at the onset of the corrugations. For
a horn of about 45 corrugations, the cosine distribution has been established by the
fifth corrugation (from the onset) and the spherical phase front by the fifteenth [27].

Referring to Figure 13.28(a), the field distribution at the aperture can be written as

E'(x',y) = Egcos (lx’> cos <£y’> e~ IkG Pty p1)/2] (13-62a)
Y ’ aq b1

E b4 T — P
H (x',y) = —70 cos (ax/> cos <b—1y’> eI/t /p0/21 (13.60b)

corresponding to (13-43a) and (13-43b) of the uncorrugated pyramidal horn. Using
the above distributions, the fields radiated by the horn can be computed in a manner
analogous to that of the pyramidal horn of Section 13.4. Patterns have been computed
and compare very well with measurements [27].

In Figure 13.31(a) the measured E-plane patterns of an uncorrugated square pyra-
midal horn (referred to as the control horn) and a corrugated square pyramidal horn
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are shown. The aperture size on each side was 3.5 in. (2.96A at 10 GHz) and the total
flare angle in each plane was 50°. It is evident that the levels of the minor lobes and
back lobes are much lower for the corrugated horn than those of the control horn.
However the corrugated horn also exhibits a wider main beam for small angles; thus
a larger 3-dB beamwidth (HPBW) but a lower 10-dB beamwidth. This is attributed
to the absence of the diffracted fields from the edges of the corrugated horn which,
for nearly on-axis observations, add to the direct wave contribution because of their
in-phase relationship. The fact that the on-axis far-fields of the direct and diffracted
fields are nearly in phase is also evident from the pronounced on-axis maximum of the
control horn. The E- and H-plane patterns of the corrugated horn are almost identical
to those of Figure 13.31(a) over the frequency range from 8 to 14 GHz. These suggest
that the main beam in the E-plane can be obtained from known H-plane patterns of
horn antennas.

In Figure 13.31(b) the measured E-plane patterns of larger control and corrugated
square pyramidal horns, having an aperture of 9.7 in. on each side (8.2A at 10 GHz)
and included angles of 34° and 31° in the E- and H-planes, respectively, are shown.
For this geometry, the pattern of the corrugated horn is narrower and its minor and
back lobes are much lower than those of the corresponding control horn. The saddle
formed on the main lobe of the control horn is attributed to the out-of-phase relations
between the direct and diffracted rays. The diffracted rays are nearly absent from the
corrugated horn and the minimum on-axis field is eliminated. The control horn is a
thick-edged horn which has the same interior dimensions as the corrugated horn. The
H-plane pattern of the corrugated horn is almost identical to the H-plane pattern of
the corresponding control horn.

In Figures 13.31(c) and 13.31(d) the back lobe level and the 3-dB beamwidth for
the smaller size control and corrugated horns, whose E-plane patterns are shown in
Figure 13.31(a), are plotted as a function of frequency. All the observations made
previously for that horn are well evident in these figures.

The presence of the corrugations, especially near the waveguide-horn junction, can
affect the impedance and VSWR of the antenna. The usual practice is to begin the
corrugations at a small distance away from the junction. This leads to low VSWR’s
over a broad band. Previously it was indicated that the width w of the corrugations
must be small (usually w < A¢/10) to approximate a corrugated surface. This would
cause corona and other breakdown phenomena. However the large corrugated horn,
whose E-plane pattern is shown in Figure 13.31(b), has been used in a system whose
peak power was 20 kW at 10 GHz with no evidence of any breakdown phenomena.

The design concepts of the pyramidal corrugated horn can be extended to include cir-
cumferentially corrugated conical horns, as shown in Figures 13.29 and 13.30. Several
designs of conical corrugated horns were investigated in terms of pattern symmetry,
low cross polarization, low side lobe levels, circular polarization, axial ratio, and phase
center [28]—[37]. For small flare angles (1. less than about 20° to 25°) the slots can be
machined perpendicular to the axis of the horn, as shown in Figure 13.29(b), and the
grooves can be considered sections of parallel-plate TEM-mode waveguides of depth
d. For large flare angles, however, the slots should be constructed perpendicular to the
surface of the horn, as shown in Figure 13.29(a) and implemented in the design of
Figure 13.30. The groove arrangement of Figure 13.29(b) is usually preferred because
it is easier to fabricate.
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Figure 13.31 Radiation characteristics of conventional (control), corrugated, and aperture-
matched pyramidal horns. (source: (a), (c), (d). W. D. Burnside and C. W. Chuang, “An Aper-
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13.7 APERTURE-MATCHED HORNS

A horn which provides significantly better performance than an ordinary horn (in terms
of pattern, impedance, and frequency characteristics) is that shown in Figure 13.32(a),
which is referred to as an aperture-matched horn [38]. The main modification to the
ordinary (conventional) horn, which we refer to here as the control horn, consists of

Attached curved

Attached curved
surface

surface Ny

Curved surface is
mounted flush
with horn walls

Attached
curved surface

(a) Basic geometry

f' \\ Edge
diffracted
—_—
= / l\\
T Geometrical optics
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(b) Elliptical cylinder (c) Diffraction mechanism
curved surface

Curved surface
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Curved surface
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(d) Modified throat

Figure 13.32 Geometry and diffraction mechanism of an aperture-matched horn. (source: W.
D. Burnside and C. W. Chuang, “An Aperture-Matched Horn Design,” IEEE Trans. Antennas
Propagat., Vol. AP-30, No. 4, pp. 790-796, July 1982. © 1982 IEEE)
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the attachment of curved-surface sections to the outside of the aperture edges, which
reduces the diffractions that occur at the sharp edges of the aperture and provides
smooth matching sections between the horn modes and the free-space radiation.

In contrast to the corrugated horn, which is complex and costly and reduces the
diffractions at the edges of the aperture by minimizing the incident field, the aperture-
matched horn reduces the diffractions by modifying the structure (without sacrificing
size, weight, bandwidth, and cost) so that the diffraction coefficient is minimized. The
basic concepts were originally investigated using elliptic cylinder sections, as shown
in Figure 13.32(b); however, other convex curved surfaces, which smoothly blend to
the ordinary horn geometry at the attachment point, will lead to similar improvements.
This modification in geometry can be used in a wide variety of horns, and includes
E-plane, H-plane, pyramidal, and conical horns. Bandwidths of 2:1 can be attained
easily with aperture-matched horns having elliptical, circular, or other curved surfaces.
The radii of curvature of the curved surfaces used in experimental models [38] ranged
over 1.691 < a < 8.47A with a = b and b = 2a. Good results can be obtained by using
circular cylindrical surfaces with 2.5A4 < a < 5A.

The basic radiation mechanism of such a horn is shown in Figure 13.32(c). The
introduction of the curved sections at the edges does not eliminate diffractions; instead
it substitutes edge diffractions by curved-surface diffractions which have a tendency to
provide an essentially undisturbed energy flow across the junction, around the curved
surface, and into free-space. Compared with conventional horns, this radiation mech-
anism leads to smoother patterns with greatly reduced black lobes and negligible
reflections back into the horn. The size, weight, and construction costs of the aperture-
matched horn are usually somewhat larger and can be held to a minimum if half
(one-half sections of an ellipse) or quadrant (one-fourth sections of an ellipse) sections
are used instead of the complete closed surfaces.

To illustrate the improvements provided by the aperture-matched horns, the E-plane
pattern, back lobe level, and half-power beamwidth of a pyramidal 2.96) x 2.96A horn
were computed and compared with the measured data of corresponding control and
corrugated horns. The data are shown in Figures 13.31(a,c,d). It is evident by examining
the patterns of Figure 13.31(a) that the aperture-matched horn provides a smoother
pattern and lower back lobe level than conventional horns (referred to here as control
horn); however, it does not provide, for the wide minor lobes, the same reduction as
the corrugated horn. To achieve nearly the same E-plane pattern for all three horns,
the overall horn size must be increased. If the modifications for the aperture-matched
and corrugated horns were only made in the E-plane edges, the H-plane patterns for
all three horns would be virtually the same except that the back lobe level of the
aperture-matched and corrugated horns would be greatly reduced.

The back lobe level of the same three horns (control, corrugated, and aperture
matched) are shown in Figure 13.31(c). The corrugated horn has lower back lobe
intensity at the lower end of the frequency band, while the aperture-matched horn
exhibits superior performance at the high end. However, both the corrugated and
aperture-matched horns exhibit superior back lobe level characteristics to the con-
trol (conventional) horn throughout almost the entire frequency band. The half-power
beamwidth characteristics of the same three horns are displayed in Figure 13.31(d).
Because the control (conventional) horn has uniform distribution across the com-
plete aperture plane, compared with the tapered distributions for the corrugated and
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aperture-matched horns, it possesses the smallest beamwidth almost over the entire
frequency band.

In a conventional horn the VSWR and antenna impedance are primarily influenced
by the throat and aperture reflections. Using the aperture-matched horn geometry of
Figure 13.32(a), the aperture reflections toward the inside of the horn are greatly
reduced. Therefore the only remaining dominant factors are the throat reflections. To
reduce the throat reflections it has been suggested that a smooth curved surface be
used to connect the waveguide and horn walls, as shown in Figure 13.32(d). Such
a transition has been applied in the design and construction of a commercial X-band
(8.2—12.4 GHz) pyramidal horn (see Figure 13.24), whose tapering is of an exponential
nature. The VSWRs measured in the 8—12 GHz frequency band using the conventional
exponential X-band horn (shown in Figure 13.24), with and without curved sections
at its aperture, are shown in Figure 13.33.

The matched sections used to create the aperture-matched horn were small cylin-
der sections. The VSWR’s for the conventional horn are very small (less than 1.1)
throughout the frequency band because the throat reflections are negligible compared
with the aperture reflections. It is evident, however, that the VSWR’s of the corre-
sponding aperture-matched horn are much superior to those of the conventional horn
because both the throat and aperture reflections are very minimal.

The basic design of the aperture-matched horn can be extended to include corruga-
tions on its inside surface [30]. This type of design enjoys the advantages presented
by both the aperture-matched and corrugated horns with cross-polarized components
of less than —45 dB over a significant part of the bandwidth. Because of its excellent
cross-polarization characteristics, this horn is recommended for use as a reference and
for frequency reuse applications in both satellite and terrestrial applications.

13.8 MULTIMODE HORNS

Over the years there has been a need in many applications for horn antennas which
provide symmetric patterns in all planes, phase center coincidence for the electric
and magnetic planes, and side lobe suppression. All of these are attractive features
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for designs of optimum reflector systems and monopulse radar systems. Side lobe
reduction is a desired attribute for horn radiators utilized in antenna range, anechoic
chamber, and standard gain applications, while pattern plane symmetry is a valuable
feature for polarization diversity.

Pyramidal horns have traditionally been used over the years, with good success, in
many of these applications. Such radiators, however, possess nonsymmetric beamwidths
and undesirable side lobe levels, especially in the E-plane. Conical horns, operating
in the dominant TE|; mode, have a tapered aperture distribution in the E-plane. Thus,
they exhibit more symmetric electric- and magnetic-plane beamwidths and reduced
side lobes than do the pyramidal horns. One of the main drawbacks of a conical horn
is its relative incompatibility with rectangular waveguides.

To remove some of the deficiencies of pyramidal and conical horns and further
improve some of their attractive characteristics, corrugations were introduced on the
interior walls of the waveguides, which lead to the corrugated horns that were discussed
in a previous section of this chapter. In some other cases designs were suggested
to improve the beamwidth equalization in all planes and reduce side lobe levels by
utilizing horn structures with multiple-mode excitations. These have been designated
as multimode horns, and some of the designs will be discussed briefly here. For more
information the reader should refer to the cited references.

One design of a multimode horn is the “diagonal” horn [39], shown in Figure 13.34,
all of whose cross sections are square and whose internal fields consist of a superpo-
sition of TE;y and TE(; modes in a square waveguide. For small flare angles, the field
structure within the horn is such that the E-field vector is parallel to one of the diago-
nals. Although it is not a multimode horn in the true sense of the word, because it does
not make use of higher-order TE and TM modes, it does possess the desirable attributes
of the usual multimode horns, such as equal beamwidths and suppressed beamwidths

—_—

() (b)

Figure 13.34 electric field configuration inside square diagonal horn. (a) Two coexisting equal
orthogonal modes. (b) Result of combining the two modes shown in (a). (After Love [39]
reprinted with permission of Microwave Journal, Vol. V, No. 3, March 1962)
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and side lobes in the E- and H-planes which are nearly equal to those in the principal
planes. These attractive features are accomplished, however, at the expense of pairs of
cross-polarized lobes in the intercardinal planes which make such a horn unattractive
for applications where a high degree of polarization purity is required.

Diagonal horns have been designed, built, and tested [39] such that the 3-, 10-, and
30-dB beamwidths are nearly equal not only in the principal E- and H-planes, but
also in the 45° and 135° planes. Although the theoretical limit of the side lobe level
in the principal planes is 31.5 dB down, side lobes of at least 30 dB down have been
observed in those planes. Despite a theoretically predicted level of —19.2 dB in the
+45° planes, side lobes with level of —23 to —27 dB have been observed. The principal
deficiency in the side lobe structure appears in the £45°-plane cross-polarized lobes
whose intensity is only 16 dB down; despite this, the overall horn efficiency remains
high. Compared with diagonal horns, conventional pyramidal square horns have H-
plane beamwidths which are about 35% wider than those in the E-plane, and side lobe
levels in the E-plane which are only 12 to 13 dB down (although those in the H-plane
are usually acceptable).

For applications which require optimum performance with narrow beamwidths,
lenses are usually recommended for use in conjunction with diagonal horns. Diagonal
horns can also be converted to radiate circular polarization by inserting a differential
phase shifter inside the feed guide whose cross section is circular and adjusted so that
it produces phase quadrature between the two orthogonal modes.

Another multimode horn which exhibits suppressed side lobes, equal beamwidths,
and reduces cross polarization is the dual-mode conical horn [40]. Basically this horn
is designed so that diffractions at the aperture edges of the horn, especially those in the
E-plane, are minimized by reducing the fields incident on the aperture edges and con-
sequently the associated diffractions. This is accomplished by utilizing a conical horn
which at its throat region is excited in both the dominant TE;; and higher-order TM
mode. A discontinuity is introduced at a position within the horn where two modes
exist. The horn length is adjusted so that the superposition of the relative amplitudes of
the two modes at the edges of the aperture is very small compared with the maximum
aperture field magnitude. In addition, the dimensions of the horn are controlled so that
the total phase at the aperture is such that, in conjunction with the desired amplitude
distribution, it leads to side lobe suppression, beamwidth equalization, and phase center
coincidence.

Qualitatively the pattern formation of a dual-mode conical horn operating in the TE
and TM;; modes is accomplished by utilizing a pair of modes which have radiation
functions with the same argument. However, one of the modes, in this case the TM;
mode, contains an additional envelope factor which varies very rapidly in the main
beam region and remains relatively constant at large angles. Thus, it is possible to
control the two modes in such a way that their fields cancel in all directions except
within the main beam. The TM; mode exhibits a null in its far-field pattern. Therefore
a dual-mode conical horn possesses less axial gain than a conventional dominant-mode
conical horn of the same aperture size. Because of that, dual-mode horns render better
characteristics and are more attractive for applications where pattern plane symmetry
and side lobe reduction are more important than maximum aperture efficiency. A most
important application of a dual-mode horn is as a feed of Cassegrain reflector systems.

Dual-mode conical horns have been designed, built, and tested [40] with relatively
good success in their performance. Generally, however, diagonal horns would be good
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competitors for the dual-mode horns if it were not for the undesirable characteristics
(especially the cross-polarized components) that they exhibit in the very important
45° and 135° planes. Improved performance can be obtained from dual-mode horns if
additional higher-order modes (such as the TE,, TE;3 and TM,) are excited [41] and
if their relative amplitudes and phases can be properly controlled. Computed maximum
aperture efficiencies of paraboloidal reflectors, using such horns as feeds, have reached
90% contrasted with efficiencies of about 76% for reflector systems using conventional
dominant-mode horn feeds. In practice the actual maximum efficiency achieved is
determined by the number of modes that can be excited and the degree to which their
relative amplitudes and phases can be controlled.

The techniques of the dual-mode and multimode conical horns can be extended to
the design of horns with rectangular cross sections. In fact a multimode pyramidal horn
has been designed, built, and tested to be used as a feed in a low-noise Cassegrain
monopulse system [42]. This rectangular pyramidal horn utilizes additional higher-
order modes to provide monopulse capability, side lobe suppression in both the E-
and H-planes, and beamwidth equalization. Specifically the various pattern modes for
the monopulse system are formed in a single horn as follows:

a. Sum: Utilizes TE o + TEj3¢ instead of only TE;y. When the relative amplitude
and phase excitations of the higher-order TE3y mode are properly adjusted, they
provide side lobe cancellation at the second minor lobe of the TEy-mode pattern

b. E-Plane Difference: Utilizes TE;; + TM;; modes
c. H-Plane Difference: Utilizes TE;y mode

In its input, the horn of [42] contained a four-guide monopulse bridge circuitry,
a multimode matching section, a difference mode phasing section, and a sum mode
excitation and control section. To illustrate the general concept, in Figure 13.35(a—c)
are plots of three-dimensional patterns of the sum, E-plane difference, and H-plane
difference modes which utilize, respectively, the TE o 4+ TE3y, TE{; + TM;;, and TEy
modes. The relative excitation between the modes has been controlled so that each pat-
tern utilizing multiple modes in its formation displays its most attractive features for
its function.

13.9 DIELECTRIC-LOADED HORNS

Over the years much effort has been devoted to enhance the antenna and aperture
efficiencies of aperture antennas, especially for those that serve as feeds for reflectors
(such as the horn). One technique that was proposed and then investigated was to
use dielectric guiding structures, referred to as Dielguides [43], between the primary
feed and the reflector (or subreflector). The technique is simple and inexpensive to
implement and provides broadband, highly efficient, and low-noise antenna feeds. The
method negates the compromise between taper and spillover efficiencies, and it is based
on the principle of internal reflections, which has been utilized frequently in optics.
Its role bears a very close resemblance to that of a lens, and it is an extension of the
classical parabolic-shaped lens to other geometrical shapes.

Another method that has been used to control the radiation pattern of electromagnetic
horns is to insert totally within them various shapes of dielectric material (wedges,
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Figure 13.35 Three-dimensional sum and difference (E- and H-planes) field patterns of a
monopulse pyramidal horn. (source: C. A. Balanis, “Horn Antennas,” in Antenna Handbook (Y.
T. Lo and S. W. Lee, eds.), © 1988, Van Nostrand Reinhold Co., Inc.)
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slabs, etc.) [44]—[52] to control in a predictable manner not only the phase distribution
over the aperture, as is usually done by using the classical parabolic lenses, but also
to change the power (amplitude) distribution over the aperture. The control of the
amplitude and phase distributions over the aperture are essential in the design of very
low side lobe antenna patterns.

Symmetrical loading of the H-plane walls has also been utilized, by proper param-
eter selection, to create a dominant longitudinal section electric (LSE) mode and
to enhance the aperture efficiency and pattern-shaping capabilities of symmetrically
loaded horns [44]. The method is simple and inexpensive, and it can also be utilized
to realize high efficiency from small horns which can be used in limited scan arrays.
Aperture efficiencies on the order of 92 to 96% have been attained, in contrast to
values of 81% for unloaded horns.

A similar technique has been suggested to symmetrically load the E-plane walls of
rectangular horns [46]—[52] and eventually to line all four of its walls with dielectric
slabs. Other similar techniques have been suggested, and a summary of these and other
classical papers dealing with dielectric-loaded horns can be found in [1].

13.10 PHASE CENTER

Each far-zone field component radiated by an antenna can be written, in general, as

) —jkr
E, = GE®©, p)e/ V@0 (13-63)
r
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where 1@ is a unit vector. The terms E (0, ¢) and (6, ¢) represent, respectively, the
(0, @) variations of the amplitude and phase.

In navigation, tracking, homing, landing, and other aircraft and aerospace systems
it is usually desirable to assign to the antenna a reference point such that for a given
frequency, ¥ (9, ¢) of (13-63) is independent of 6 and ¢ (i.e., ¥ (0, ¢) = constant). The
reference point which makes (6, ¢) independent of 6 and ¢ is known as the phase
center of the antenna [53]—-[57]. When referenced to the phase center, the fields radi-
ated by the antenna are spherical waves with ideal spherical wave fronts or equiphase
surfaces. Therefore a phase center is a reference point from which radiation is said
to emanate, and radiated fields measured on the surface of a sphere whose center
coincides with the phase center have the same phase.

For practical antennas such as arrays, reflectors, and others, a single unique phase
center valid for all values of 6 and ¢ does not exist; for most, however, their phase cen-
ter moves along a surface, and its position depends on the observation point. However,
in many antenna systems a reference point can be found such that (6, ¢) = constant,
or nearly so, over most of the angular space, especially over the main lobe. When the
phase center position variation is sufficiently small, that point is usually referred to as
the apparent phase center.

The need for the phase center can best be explained by examining the radiation
characteristics of a paraboloidal reflector (parabola of revolution). Plane waves inci-
dent on a paraboloidal reflector focus at a single point which is known as the focal
point. Conversely, spherical waves emanating from the focal point are reflected by the
paraboloidal surface and form plane waves. Thus in the receiving mode all the energy
is collected at a single point. In the transmitting mode, ideal plane waves are formed
if the radiated waves have spherical wavefronts and emanate from a single point.

In practice, no antenna is a point source with ideal spherical equiphases. Many of
them, however, contain a point from which their radiation, over most of the angular
space, seems to have spherical wavefronts. When such an antenna is used as a feed for
a reflector, its phase center must be placed at the focal point. Deviations of the feed
from the focal point of the reflector lead to phase errors which result in significant
gain reductions of the antenna, as illustrated in Section 15.4.1(G) of Chapter 15.

The analytical formulations for locating the phase center of an antenna are usually
very laborious and exist only for a limited number of configurations [53]—[55]. Exper-
imental techniques [56], [57] are available to locate the phase center of an antenna.
The one reported in [56] is also discussed in some detail in [2], and it will not be
repeated here. The interested reader is referred to [2] and [56].

The horn is a microwave antenna that is widely used as a feed for reflectors [58].
To perform as an efficient feed for reflectors, it is imperative that its phase center
is known and it is located at the focal point of the reflector. Instead of presenting
analytical formulations for the phase center of a horn, graphical data will be included
to illustrate typical phase centers.

Usually the phase center of a horn is not located at its mouth (throat) or at its
aperture but mostly between its imaginary apex point and its aperture. The exact
location depends on the dimensions of the horn, especially on its flare angle. For large
flare angles the phase center is closer to the apex. As the flare angle of the horn
becomes smaller, the phase center moves toward the aperture of the horn.

Computed phase centers for an E-plane and an H-plane sectoral horn are displayed
in Figure 13.36(a, b). It is apparent that for small flare angles the E- and H -plane phase
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Figure 13.36 Phase center location, as a function of flare angle, for E- and H-plane sectoral
horns. (Adapted from Hu [53]).

centers are identical. Although each specific design has its own phase center, the data
of Figure 13.36(a, b) are typical. If the E- and H-plane phase centers of a pyramidal

horn are not identical, its phase center can be taken to be the average of the two.

Phase center nomographs for conical corrugated and uncorrugated (TE;;-mode)
horns are available [55], and they can be found in [2] and [55]. The procedure to
use these in order to locate a phase center is documented in [2] and [55], and it is
not repeated here. The interested reader is referred to [2] where examples are also

illustrated.
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13.11 MULTIMEDIA

In

the CD that is part of the book, the following multimedia resources are included for

the review, understanding, and visualization of the material of this chapter:

a. Java-based interactive questionnaire, with answers.

b. Matlab and Fortran computer programs, designated
o Analysis
o Design
for computing and displaying the analysis and design characteristics of a pyra-
midal horn.

c. Matlab-based animation-visualization program, designated fe_horn, that can be
used to animate and visualize the radiation of a two-dimensional horn. A detailed
description of this program is provided in Section 1.3.4 and in the corresponding
READ ME file of Chapter 1.

d. Power Point (PPT) viewgraphs, in multicolor.
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PROBLEMS

13.1.
13.2.

13.3.

134.
13.5.

13.6.

13.7.

Derive (13-1a)—(13-1e) by treating the E-plane horn as a radial waveguide.

Design an E-plane horn such that the maximum phase difference between
two points at the aperture, one at the center and the other at the edge, is 120°.
Assuming that the maximum length along its wall (p.), measured from the
aperture to its apex, is 10X, find the

(a) maximum total flare angle of the horn
(b) largest dimension of the horn at the aperture
(c) directivity of the horn (dimensionless and in dB)

(d) gain of the antenna (in dB) when the reflection coefficient within the
waveguide feeding the horn is 0.2. Assume only mismatch losses. The
waveguide feeding the horn has dimensions of 0.5A and 0.25X

For an E-plane horn with p; = 6A, b = 3.47A, and a = 0.5A,

(a) compute (in dB) its pattern at & = 0°, 10°, and 20° using the results of
Figure 13.6. Show all the steps for one angle.

(b) compute its directivity using (13-19) and (13-20c). Compare the answers.
Repeat Problem 13.3 for p; = 6A, by = 6X, and a = 0.5A.

For an E-plane sectoral horn, plot b (in A) versus p; (in A) using (13-19a).
Verify, using the data of Figure 13.8, that the maximum directivities occur
when (13-19a) is satisfied.

For an E-plane sectoral horn with p; = 20X, a = 0.51

(a) find its optimum aperture dimensions for maximum normalized directivity

(b) compute the total flare angle of the horn

(c) compute its directivity, using (13-19), and compare it with the graphi-
cal answer

(d) find its half-power beamwidth (in degrees)

(e) compute the directivity using (13-20c)

An E-plane horn is fed by an X-band WR 90 rectangular waveguide with

inner dimensions of 0.9 in. (2.286 cm) and » = 0.4 in. (1.016 cm). Design
the horn so that its maximum directivity at f = 11 GHz is 30 (14.77 dB).
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13.8.

13.9.
13.10.

13.11.

13.12.

13.13.

13.14.

HORN ANTENNAS

Design an optimum directivity E-plane sectoral horn whose axial length is

p1 = 10Xx. The horn is operating at X-band with a desired center frequency

equal to f = 10 GHz. The dimensions of the feed waveguide are a = 0.9 in.

(2.286 cm) and » = 0.4 in. (1.016 cm). Assuming a 100% efficient horn

(eg = 1), find the

(a) horn aperture dimensions b; and p, (in A), and flare half-angle v, (in
degrees)

(b) directivity Dg (in dB) using (13-20c)

(c) aperture efficiency

(d) largest phase difference (in degrees) between center of horn at the aperture
and any point on the horn aperture along the principal E-plane.

Derive (13-21a)—(13-21e) by treating the H-plane horn as a radial waveguide.

For an H-plane sectoral horn with p, = 6X,a; = 6A, and b = 0.251% com-
pute the
(a) directivity (in dB) using (13-41), (13-42c) and compare the answers

(b) normalized field strength (in dB) at & = 30°, 45°, and 90°. Approximate
it using linear interpolation.

For an H-plane sectoral horn, plot a; (in A) versus p, (in A) using (13-41c).
Verify, using the data of Figure 13.16, that the maximum directivities occur
when (13-41c) is satisfied.

Design an H-plane horn so that its maximum directivity at f = 10 GHz is
13.25 dB. The horn is fed with a standard X-band waveguide with dimensions
a =2.286 cm and b = 1.016 cm. Determine:

(a) the horn aperture dimension a; (in cm).

(b) the axial length p, of the horn (in cm).

(c) the flare angle of the horn (in degrees).

An H-plane sectoral horn is fed by an X-band WR 90 rectangular waveg-
uide with dimensions of @ = 0.9 in. (2.286 cm) and » = 0.4 in. (1.016 cm).
Design the horn so that its maximum directivity at f = 11 GHz is 16.3
(12.12 dB).

Repeat the design of Problem 13.8 for an H-plane sectoral horn where axial
length is also p, = 10A. The feed waveguide dimensions and center frequency
of operation are the same as in Problem 13.8. Assuming an 100% efficient
horn (eg = 1), find the

(a) horn aperture dimensions a; and p; (in A), and the flare half-angle ¥,

(in degrees)
(b) directivity Dy (in dB) using (13-42c)
(c) aperture efficiency

(d) largest phase difference (in degrees) between the center of the horn at
the aperture and any point on the horn aperture along the principal H-
plane.
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Show that (13-49a) and (13-49b) must be satisfied in order for a pyramidal
horn to be physically realizable.

A standard-gain X-band (8.2—12.4 GHz) pyramidal horn has dimensions of
p1 = 13.5 in. (34.29 cm), p, >~ 14.2 in. (36.07 cm), a; = 7.65 in. (19.43 cm),
by = 5.65 in. (14.35 cm), a = 0.9 in. (2.286 cm), and » = 0.4 in. (1.016 cm).

(a) Check to see if such a horn can be constructed physically.

(b) Compute the directivity (in dB) at f = 8.2, 10.3, 12.4 GHz using for
each (13-52a), (13-53), and (13-54e). Compare the answers. Verify with
the computer program Pyramidal Horn-Analysis of this chapter.

A standard-gain X-band (8.2—12.4 GHz) pyramidal horn has dimensions of
o1 =~ 5.3 in. (13.46 cm), p, >~ 6.2 in. (15.75 cm), a; = 3.09 in. (7.85 cm),
by =234 in. (5.94 cm), a = 0.9 in. (2.286 cm), and b = 0.4 in. (1.016 cm).

(a) Check to see if such a horn can be constructed physically.

(b) Compute the directivity (in dB) at f = 8.2, 10.3, 12.4 GHz using for
each (13-52a), (13-53), and (13-54e). Compare the computed answers with
the gains of Figure 13.24. Verify with the computer program Pyramidal
Horn-Analysis of this chapter.

A lossless linearly polarized pyramidal horn antenna is used as a receiver in

a microwave communications system operating at /0 GHz. Over the aperture

of the horn, the incident wave of the communications system is uniform and

circularly polarized with a total power density of 10 mW/A?. The pyramidal

horn has been designed for optimum gain. The dimensions of the horn at the

aperture are 41, by 2.5A,. Determine the:

(a) Approximate aperture efficiency of the optimum gain horn (in %).

(b) Maximum directivity of the horn (in dB).

(c¢) Maximum power (in mW) that can be delivered to the receiver that is
assumed to be matched to the transmission line that connects the antenna
to the receiver. Assume no other losses.

Repeat the design of the optimum X-band pyramidal horn of Example 13.6
so that the gain at f = 11 GHz is 17.05 dB.

It is desired to design an optimum directivity pyramidal horn antenna. The
length of the horn from its interior apex is p; = p, = 9A. The horn is fed by
an X-band waveguide whose interior dimensions are 0.5A by 0.22A.

(a) To accomplish this, what should the aperture dimensions (in A) of the
horn be?

(b) What is the directivity (in dB) of the horn?

Design a pyramidal horn antenna with optimum gain at a frequency of 10 GHz.
The overall length of the antenna from the imaginary vertex of the horn to
the center of the aperture is 10A and is nearly the same in both planes. Deter-
mine the

(a) Aperture dimensions of the horn (in cm).
(b) Gain of the antenna (in dB)
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(c) Aperture efficiency of the antenna (in %). Assume the reflection, conduc-
tion, and dielectric losses of the antenna are negligible.

(d) Power delivered to a matched load when the incident power density is
10 pwatts/m?>.

Design an optimum gain C-band (3.95-5.85 GHz) pyramidal horn so that
its gain at f = 4.90 GHz is 20.0 dBi. The horn is fed by a WR 187 rect-
angular waveguide with inner dimensions of a = 1.872 in. (4.755 cm) and
b = 0.872 in. (2.215 cm). Refer to Figure 13.18 for the horn geometry. Deter-
mine in cm, the remaining dimensions of the horn: p,, ps, a1, b1, p., and py.
Verify using the computer program Pyramidal Horn Design of this chapter.

For a conical horn, plot d,, (in 1) versus [/ (in A) using (13-60). Verify, using
the data of Figure 13.27, that the maximum directivities occur when (13-60)
is satisfied.

A conical horn has dimensions of L = 19.5in. (49.53 cm), d, = 15 in.

(38.10 cm), and d = 2.875 in. (7.3025 cm).

(a) Find the frequency (in GHz) which will result in maximum directivity for
this horn. What is that directivity (in dB)?

(b) Find the directivity (in dB) at 2.5 and 5 GHz.

(c) Compute the cutoff frequency (in GHz) of the TE|;-mode which can exist
inside the circular waveguide that is used to feed the horn.

It is desired to design an optimum directivity conical horn antenna of circular

cross section whose overall slanted length [ is 101. Determine the

(a) geometrical dimensions of the conical horn [radius (in A), diameter (in A),
total flare angle (in degrees)].

(b) aperture efficiency of the horn (in %).

(c) directivity of the horn (dimensionless and in dB).

Design an optimum directivity conical horn, using (13-59)—(13-60), so that
its directivity (above isotropic) at f = 11 GHz is 22.6 dB. Check your design
with the data in Figure 13.27. Compare the design dimensions with those of
the pyramidal horn of Example 13.6.

Design an optimum directivity conical horn so that its directivity at 10 GHz
(above a standard-gain horn of 15 dB directivity) is 5 dB. Determine the horn
diameter (in cm) and its flare angle (in degrees).

As part of a 10-GHz microwave communication system, you purchase a horn
antenna that is said to have a directivity of 75 (dimensionless). The conduction
and dielectric losses of the antenna are negligible, and the horn is polarization
matched to the incoming signal. A standing wave meter indicates a voltage
reflection coefficient of 0.1 at the antenna-waveguide junction.

(a) Calculate the maximum effective aperture of the horn.

(b) If an impinging wave with a uniform power density of 1 pwwatts/m> is
incident upon the horn, what is the maximum power delivered to a load
which is connected and matched to the lossless waveguide?
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For an X-band pyramidal corrugated horn operating at 10.3 GHz, find the
(a) smallest lower and upper limits of the corrugation depths (in cm)

(b) width w of each corrugation (in cm)

(c) width ¢ of each corrugation tooth (in cm)

Find the E- and H-plane phase centers (in A) of
(a) an E-plane (p, = 5i,a = 0.7))

(b) an H-plane (p, = 5x,a =0.7))

sectoral horn with a total included angle of 30°.
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